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Key points:

» We have developed a new FD with variable-length temporal and spatial operators.
* The new FD simultaneously enhances the modeling stability and ensures the modeling accuracy.
* The new FD is more efficient than the conventional high-order FD method.

Abstract Conventional finite-difference (FD)
methods cannot model acoustic wave propagation beyond
Courant-Friedrichs-Lewy (CFL) numbers 0.707 and 0.577 for
two-dimensional (2D) and three-dimensional (3D) equal
spacing cases, respectively, thereby limiting time step
selection. Based on the definition of temporal and spatial FD
operators, we propose a variable-length temporal and spatial
operator strategy to model wave propagation beyond those
CFL numbers while preserving accuracy. First, to simulate
wave propagation beyond the conventional CFL stability
limit, the lengths of the temporal operators are modified to
exceed the lengths of the spatial operators for high-velocity
zones. Second, to preserve the modeling accuracy, the
velocity-dependent lengths of the temporal and spatial
operators are adaptively varied. The maximum CFL numbers
for the proposed method can reach 1.25 and 1.0 in high
velocity contrast 2D and 3D simulation examples, respec-
tively. We demonstrate the effectiveness of our method by
modeling wave propagation in simple and complex media.

Keywords: acoustic wave equation; finite-difference; stability
condition; Courant-Friedrichs-Lewy numbers; vari-
able length.
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1. Introduction

The finite-difference (FD) time-domain method has
been applied extensively to solve wave equations for
geophysical problems and provides a basis for seismic
modeling (Alford et al., 1974; Kelly et al., 1976; Virieux,
1984; Dablain, 1986; Moczo et al., 2002; 2014; Yang DH
et al., 2016) and imaging (Baysal et al., 1983; McMechan,
1983; Tarantola, 1984; Chen T and He BS, 2014; Du QZ et
al., 2017; Qu YM et al., 2017). However, the stability of
conventional FD methods, estimated by the Courant-
Friedrichs-Lewy (CFL) number, imposes limitation on its
use. For a specified velocity model and grid spacing, this
limitation imposes a severe restriction on the maximum
allowable time step for seismic modeling and imaging. The
stability of FD modeling is often affected by the spatial
and temporal accuracy.

Increasing spatial FD accuracy often deteriorates
simulation stability (Fornberg, 1987; Liu Y and Sen MK,
2009a; Zhou HB and Zhang G, 2011; Zhang JH and Yao
ZX, 2012; Wang EJ and Liu Y, 2018). Spatial
discretization methods can be classified by the type of FD
stencils, i.e., implicit or explicit. For wave equation
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simulation, spatial domain implicit FD stencils (Lele,
1992; Liu Y and Sen MK, 2009a, c) often exhibit worse
stability than explicit ones (Dablain, 1986; Liu HF et al.,
2014), although their accuracy is better. Depending on the
method used to obtain FD coefficients, spatial FD
approaches can be classified into two categories: Taylor-
series expansion (TE) methods (Liu Y, 1998; Liu Y and
Sen MK, 2009b, 2013) and optimization methods (Geller
and Takeuchi, 1998; Zhang JH and Yao ZX, 2012; Liu Y,
2013). Between these methods, optimization methods ac-
hieve higher simulation accuracy than TE methods. Conse-
quently, the simulation stability afforded by TE methods
is better than that by optimization methods. Low-order
spatial FD methods possess better stability than high-order
ones, and the infinite order FD (pseudospectral) method
exhibits the worst stability (Fornberg, 1987). Other
combined FD methods using stencils and coefficients have
been investigated. It has been demonstrated that modeling
stability is inversely proportional to spatial accuracy
(Wang EJ and Liu Y, 2018; Wang EJ et al., 2018; Xu SG
and Liu Y, 2018).

Meanwhile, increasing temporal accuracy tends to
improve simulation stability (Chen JB, 2007; Liu Y and
Sen MK, 2013; Long GH et al., 2013; Wang EJ et al,,
2016; Zhou HY et al., 2021). Lax-Wendroff (LW) schemes
(Lax and Wendroff, 1960) are a typical class of effective
methods. However, the exact high-order temporal accuracy
of the LW method depends on the spectral accuracy of
spatial derivatives (Long GH et al., 2013) and incurs a
high computational cost. Alternative methods for enhan-
cing stability include dispersion-relation-based FD metho-
ds by space (Dablain, 1986), time-space (Finkelstein and
Kastner, 2007), and space-wavenumber domains (Song XL
et al., 2013; Fomel et al., 2013; Fang G et al., 2014). Using
the time-space domain method, Liu Y and Sen MK
(2009b) enhanced FD modeling stability by achieving
high-order temporal accuracy along eight acoustic wave
propagation directions. To further improve the simulation
stability, temporal accuracy was improved to a (2N)th-
order accuracy along all propagation directions using a
rhombus-shaped FD stencil (Liu Y and Sen MK, 2013),
the maximum allowable CFL numbers of which were
V2/2 ~0.707 and V3/3 ~ 0.577 for two-dimensional (2D)
and three-dimensional (3D) equal spacing cases, respecti-
vely. To date, these CFL numbers remain the upper stabi-
lity limit of the traditional temporal and spatial high-order
time-space domain FD methods (Liu Y, 1998; Lines et al.,
1999; Liu Y and Sen MK, 2009b; Wang EJ et al., 2016;
Chen HM et al., 2016a, b; Ren ZM and Li ZC, 2017,
Wang EJ and Liu Y, 2018). Practically, it is impossible to
reach the CFL stability limit by balancing the modeling
accuracy and stability using high-order or optimization

methods.

In addition to increasing temporal and decreasing
spatial accuracy, FD stability can be enhanced using
perturbation methods (Li X et al., 2014; Gao YJ et al,,
2018) by adjusting the eigenvalue of the time domain
updating matrix. However, the FD updating process is
memory and input/output (I/O) consuming, and this
method cannot be applied easily to extremely large 2D
models and moderate 3D models.

In this study, we aim to establish a stability enhance-
ment FD modeling strategy using local stability and accu-
racy constraints. Our strategy is based on the analyses of
the following two observations: First, increasing temporal
accuracy and decreasing spatial accuracy can enhance
modeling stability (Tan SR and Huang LJ, 2014; Wang EJ
et al.,, 2016; Ren ZM et al., 2017; Ren ZM and Li ZC,
2017); second, high-velocity zones require stricter mod-
eling stability than low-velocity zones. Therefore, the tempo-
ral and spatial operator lengths can be varied adaptively to
ensure local modeling stability. In addition to stability, we
incorporated the modeling accuracy constraint (Liu Y and
Sen MK, 2011; Zhou HY et al., 2018) to ensure both
aspects.

The remainder of this paper is organized as follows:
First, we define the temporal and spatial operators and
their lengths. Second, we propose the variable-length tempo-
ral and spatial operator (VLTSO) strategy, which can
simultaneously enhance the modeling stability and main-
tain FD accuracy. Third, stability analyses and numerical
examples to verify the features of the proposed VLTSO
FD method are presented. Finally, our VLTSO FD method
and conventional FD methods are compared; it is disco-
vered that our stability-enhanced VLTSO FD method is
more efficient when the same accuracy constraint is used.

2. Theory and method

2.1. Definition of temporal and spatial operators
and their lengths

The constant density acoustic wave equation is exp-
ressed as ,
10
=55 =4, (1)
where p = p(x,z,t) and p = p(x,y,z,t) are the wavefields
for the 2D and 3D cases, respectively; v=v(x,z) and
v=1(x,y,z) are the 2D and 3D velocity models,
respectively; and A is the Laplace operator. Using
rhombus- and octahedron-shaped operators (Liu Y and Sen
MK, 2013; Xu SG and Liu Y, 2018), we define 2D and 3D

temporal operators DtZN as follows:
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where the discretized pressure wavefields are pj, ,=
p(x+mh,z+nh,t+o07) andpm’n!l— p(x+mh,y+nh,z+1h,t+0T1)
for the 2D and 3D cases, respectively; T and h denote the
time step and grid spacing, respectively; aj, , and amn | are
temporal derivative-related FD coefficients for the 2D and

3D cases, respectively. Using the TE method (Liu Y and
Sen MK, 2013; Tan SR and Huang LJ, 2014) we can
deduce the FD coefficients for a,, and a g 0 the
appendix, we present the derivation of these coefﬁc1ents
which can be expressed as

—1N-m . 2r=2 . . .
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where the CFL number is expressed as r =vtr/h. To see _ W42y M Y «
the meaning of temporal operator, we convert Equations NoIN =2 @ n?
—1N-m
(2) and (3) into the frequency-wavenumber domain as 43 3 d,,cos(mkch)cos(nkh)+ (6)
m=1 n=1 ’ '

follows:

N
aho+2 mz::1 a,,  (cos (mkyh) + cos (mk:h)) |,
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By using coefficients a;, , and a,  , the (2N)th-order
temporal accuracy can be achieved by eliminating the
high-order term 72/=2 (j =1, 2, ..., N) in Equations (6) and
(7). Because N controls the order of the temporal accuracy,
we define it as the temporal operator length. It is
noteworthy that the temporal coefficients in Equations (4)
and (5) are different from those of Liu Y and Sen MK
(2013) and Xu SG and Liu Y (2018), since the coefficients

presented herein contribute solely to the temporal
accuracy, whereas the coefficients presented in the above-
mentioned previous studies contribute to both temporal
and spatial accuracies.

Using high-order FD, 2D and 3D spatial operators DM
can be defined as shown in Equations (8) and (9) for the

2D and 3D cases, respectively.

M
1
oM s 0 ‘ 0 0 0 0
Ap=D5" pg = 2 by P+ Z B300(Pin0 + P=in0 + Pon + Po—n) | (®)
e
0 0 0
P00t P00 T Pomo
Ap~DM Po00 =753 b000p000+2bm00( 0 0 0 , ©)
m= *tP0,-m0 T P0.0m ™+ P00.-m
where b}  and b ,, are spatial derivative-related FD
coefficients (Liu Y, 1998), which are expressed as
( ])m+l '2
b =b m=1,2,.
m,0,0 mo = m2 \<i<M.itm 2 —m2 ( M) (10)
by00 = 0 Z br0,0°b00 = _4m§1 b0

Because M controls the order of spatial accuracy, we
define it as the spatial operator length. Based on the
definition of the temporal and spatial operator lengths, we
will discuss the method to control the modeling stability

and accuracy in the following sections.

P(1>,0—( 2(a00+b00)+2)p00+r Zb

m=1

2|:N1Nm

Z Z a}nn(p—m n+pmn+p—mn+pm n)+ Z amo(p_m0+pm0+p0m+p0 m) :|_p00'

m=1 n=1

Converting Equation (11) into the wavenumber domain

yields the following recursive matrix form:

mO+pm0+p0m+p0 m)

2.2. Stability criterion for conventional and
proposed FD stencils

In this section, we derive the stability formulae for the
conventional FD method (Lines et al., 1999) and proposed
FD method using the eigenvalue method. By substituting
Equations (2) and (8) into (1), the recursive form for the
2D case can be expressed as

+

- )
Pag =( g —1) Pag (12)
ﬁO 1 O ﬁ_l ’

0,0

where
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272 Za (o8 (mkyh) + cos (mk;h)) +4r> Z Z a,, (cos (mkh) cos (nk,h)). (13)
m=1 n=1

Here, ﬁfj denotes the spatial Fourier transform of pl.j.

When |g| < 2, the eigenvalues of the transition matrix are

within a unit circle and the simulation is stable (Liu Y and

Sen MK, 2009b; 2013). Therefore,

+ b
rs[ —00 221) o (cos (mkyh) + cos (mk:h))—

4

m=1

N
% D a4 (cos (mkh) + cos (mk:h))-

m=1
E -m
m=1
The FD simulation error generally increases with the
Nyquist

+bS

n=1

wavenumber; therefore, we consider the

rSs=[—

ay, , (cos (mk.h) cos (nk; h))]

12 (14)

wavenumber k, =k, =n/h. Correspondingly, the stability
condition of the 2D FD stencil is expressed as

00+Zb =D

N-1N-m

1/2
Z mO( 1y~ 1+ZZ mn( 1ymtn- l} ’ (15)

where s is the stability factor. As shown, s depends on M,
N, a', ., and b’

t
- Moreover, a;, ,
and r, whereas b;, ,

s depends on parameters N
depends on M. For a model with fixed
grid spacing / and time step 7, r = vr/h is only affected by
velocity v. Therefore, s = s (M, N, v) is a function of M, N,
and v.

When N = 0, Equation (15) is equivalent to the stability
condition of the conventional FD stencil for 2D acoustic

modeling, expressed as follows:

m=1 n=

conventional FD in Equation (16) is only a function of a
single parameter M, since b?),o and ban are functions of
only M. It has been reported (Mitchell and Griffiths,
1980; Lines et al., 1999; Liu Y and Sen MK, 2009b) that
the maximum allowable r for the conventional stencil is
r= V2/2~0.707M = 1. Furthermore, an increase in M
deteriorates the modeling stability.

Using a similar method, we can prove the stability
conditions of the conventional and proposed methods for

-1/2 the 3D case. The stability conditions are expressed as follows:
r<s= ——+Zb oD '] . (16) B3 M e
0,0,0 e
I"SS(M)z[—T Ezbfn’o’o(_l) : ’ (17)
It is noteworthy that the stability factor s for the m=1
t
ah00tbooo 3 M .
rsS(M,N,V)=[——4 EmZ 00D+
3 t m—1 SING m+n—1
Emzl"m’o’o(_l) +3mz=] g‘ mnO( 1) + (18)
NZ2N-m=1N-m=n t m+n+1—1 2
2mz=:l n§1 I am’n’l(_l) :|

The stability conditions shown in Equations (17) and
(18) are those for the conventional method and proposed
method, respectively. Analogously, the 3D stability
condition for the conventional method (Lines et al., 1999)

is a function of only M, whereas the stability condition for
the proposed method is a function of M, N, and v. It has
been reported (Mitchell and Griffiths, 1980; Lines et al.,
1999; Liu Y and Sen MK, 2009b) that the best 3D
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modeling stability for the conventional method is
r< V3/3~0.577 with M = 1, and that an increase in M
deteriorates the modeling stability.

2.3. Improving stability by modifying lengths of
temporal and spatial operators

Conventional FD methods cannot stably model
acoustic wave propagation when the CFL numbers exceed
V2/2 ~0.707 and V3/3 ~ 0.577 for the 2D and 3D cases,
respectively. In this section, we nullify this stability limit
by modifying the length of the temporal operator N to
exceed the length of the spatial operator M. Our
modification is based on the observation that increasing
temporal accuracy (increasing N) and decreasing spatial
accuracy (decreasing M) can improve modeling stability
(Liu Y and Sen MK, 2013; Tan SR and Huang LJ, 2014;
Ren ZM and Li ZC, 2017). However, it has been reported
(Liu Y and Sen MK, 2013; Wang EJ et al., 2016; Xu SG
and Liu Y, 2018) that M is always designed to be greater
than N. If we decrease M and increase N further until M <
N, the stability may be further enhanced because the
spatial and temporal accuracies are further decreased and
increased, respectively. In this study, we investigate the
case of M < N, which has never been tested previously.
The stability analyses shown in Figures la and lc show
that when M > N, the maximum allowable CFL numbers

075 &

0.70 |
0.65 |
0.60 |
055 |
050 F L e vy

0451 —a—N=3—vN=4
—<«N=5-—>N=6

CFL number
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0.30 . . . . . . . .
0 2 4 6 8 00 12 14 16
M
c
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0.55 +
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o)
S 045 -
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2
2040 e N —eN=2
© 035 —A—N=3 —v-N=4
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030 | —*N=7 —#—Reference line V3/3%0.577
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0.25 L L ! !

0 2 4 6 8 100 12 14 16
M

Figure 1.

do not exceed 0.707 and 0.577 for the 2D and 3D cases,
respectively. However, Figures 1b and 1d show that with
M < N for our proposed method, the maximum allowable
increases significantly and overcomes the conventional
stability limit. The numerical examples in Figure 2 verify
that using the proposed method, 2D and 3D homogeneous
acoustic wave propagations with » = 1.0, and 0.9 can be
simulated, respectively, whereas most of conventional FD
methods (Liu Y, 1998; Lines et al., 1999; Liu Y and Sen
MK, 2013; Wang EJ et al., 2016) fail for such large r
values.

2.4. Ensuring modeling accuracy based on variable-
length temporal and spatial operators

For fixed-length operator modeling, stability is
determined by the maximum velocity. The left half of
snapshots from 2D and 3D two-layer examples presented
in Figure 3 show that our stability-enhanced method [(M,
N) = (2, 3)] guaranteed modeling stability. The maximum
CFL numbers were 1.25 and 1.0 for the 2D and 3D cases,
respectively, i.e., beyond the conventional CFL stability
limit. However, a severe grid dispersion occurred. This is
because such uniformed short operators cannot guarantee
wave propagation accuracy in low-velocity zones. By
increasing the operator length to (M, N) = (8, 6) and (8, 4)
for the upper layers of the 2D and 3D models, respectively,

(b)

2D case: M<N

—a—N=2——N=3
—A—-N=4 -—w-N=5
—<«—N=6—>—-N=17
—e— Reference line \/2/2 = 0.707

CFL number
=
T

0.8
0.7 + 0 —0—0—0—¢
0 1 2 3 4 5 6 7 8
M
(d)
1.1
1.0 L
3Dcase: M <N
Zoo |
[
=
208 —=—N=2—e—N=3
b —A—N=4 —~w—N=5
o L —«N=6—N=7
- —e—Reference line \/3/3 ~ 0.577
0.6 R o ° . ° °

Stability curves of 2D (a and b) and 3D (c and d) cases. (a) and (c) show maximum allowable CFL numbers when

M > N. (b) and (d) show maximum allowable CFL numbers when M < N.
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Z (km)

Figure 2.

X (km)

Snapshots of acoustic modeling beyond conventional CFL stability. v = 1500 m/s and 2 = 15 m. (a) 2D case with

M=5, N=6,7=10 ms, and » = 1.0. (b) 3D case with M =4, N=5, 7= 9 ms, and r = 0.9. Source used was Ricker wavelet

with 10 Hz peak frequency.

the modeling accuracy improved significantly, as shown in
the right half of the snapshots in Figure 3. For a complex
geology model, however, manually adjustment (M, N) is
impractical; therefore, we propose an adaptive VLTSO

(@ X (km)

Z (km)

Figure 3.

strategy to guarantee the modeling accuracy of the pro-
posed stability enhancement method.

For a specified time step and grid spacing, the mode-
ling error can be expressed as follows:

(b)

X (km)

Fixed and variable (M, N) modeling for two-layer models. (a) Maximum » = 1.25. (b) Maximum r = 1.0.

Velocities of upper and lower layers were 2000 and 5000 m/s, respectively; interface at z = 3000 m, and grid spacing was h =
20 m. Left half of 2D (a) and 3D (b) snapshots were simulated with fixed (M, N), whereas right half with variable (M, N).

Source used was Ricker wavelet with 15 Hz peak frequency.

Emax(M, N, V, fmax) = max {le(M,N,v, OI}, f €10, fmax],
(19)

where max is the largest value of a function, and
eM,N,v, f)=h/vep—h/v = h~ ' -1)/v
spatial grid propagation time error (Liu Y and Sen MK,

denotes  the

2011). vpp denotes the numerical velocity, § is expressed
as 0=vpp/v, and f .
frequency. The expression for the stability factor s (M, N,
v) is presented in Equations (15) and (18) for the 2D and
3D cases, respectively. We set the local modeling accuracy

is the maximum modeling

and stability constraints to the following:

8max(MaNs Vafmax) < 775 (20)
r < s(M,N,v), 2D

where 7 is the maximum allowable modeling error. For

fixed values of v and f, .., €max and s are related to only M

ax’
and N. Therefore, we aim to identify local M and N values
that satisfy the accuracy and stability constraints in both
Equations (20) and (21).

Directly identifying M and N for each velocity is a
time-consuming 2D problem. Hence, we converted the 2D

search problem into two one-dimensional problems. It has
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been reported that when M = N, spatial dispersion is
dominant (Liu Y and Sen MK, 2013). Therefore, we can
identify an M value that satisfies the spatial accuracy by
setting M = N first, followed by fixing the M identified and
then obtaining an N value from [1, M] that satisfies
stability and temporal accuracies. Exceptions occur when
r> V2/2 (2D) and V3/3 (3D), in which case N must be
increased slightly such that N > M to ensure modeling
stability beyond the conventional limit. The detailed
procedures are as follows:

Step 1. For each velocity value, set M =N =M, first
and then gradually decrease M to a minimum value M,
that satisfies the accuracy constraint shown in Equation
(20).

Step 2. If r < V2/2 and V3/3 for the 2D and 3D cases,
respectively, then gradually decrease N from N=M_; toa
minimum value N, that satisfies the accuracy and
stability constraints shown in Equations (20) and (21).
Otherwise, gradually increase N from N = M . to an
effective value N, that satisfies the stability condition
shown in Equation (21).

Step 3. Identify M, and N, to perform wave
extrapolation for the velocity.

The operator length variation shown in Figure 3 was
determined using our VLTSO strategy with a small error
constraint n = 107 and f;,, = 30 Hz. We compare the
VLTSO traces with the reference solution shown in
Figure 7a and discovered that the VLTSO strategy can
guarantee the modeling accuracy of the stability-enhanced
method, including in high velocity contrast media.

3. Numerical examples

In this section, we verfiy the stability enhanced and
accuracy preserving properties of our VLTSO FD strategy
using complex 2D and 3D Society of Exploration

6.76

4482

2991

Z (km)

1500

X (km)

Figure 4.

Velocity (m/s)

Geophysicists/European Association of Geoscientists and
Engineers (SEG/EAGE) (Aminzadeh et al., 1996) salt
models (Figure 4a). The 2D model is a slice of the 3D
model at x = 6.76 km.

The temporal and spatial operator lengths of the 2D
and 3D models were automatically determined based on
the VLTSO strategy, as shown in Figure 5. We observe
that the temporal operator was longer than the spatial
operator in high-velocity zones, thereby ensuring modeling
with maximum CFL numbers of 0.8966 and 0.67245 for
the 2D and 3D cases, respectively, which surpassed the
conventional stability limits. Figure 6 shows the seismic
records of the 2D and 3D modeling cases. The Ricker
source with a 10 Hz peak frequency was located at (x, z) =
(3.38, 0.2) km for the 2D case, and (x, y, z) = (3.38, 3.38,
0.2) km for the 3D case. The receivers were placed evenly
with an interval of 20 m at depth z = 0.2 km. The duration
of the seismic record was 6.0 s. The 2D and 3D seismic
records shown in Figure 6 and the 3D snapshot in
Figure 4b validated the stable modeling. In addition, our
wavefield snapshot and seismic records did not indicate
clear grid dispersions because the accuracy was guaranteed
by the operator length variation with a small error cons-
traint. The trace comparison between the VLTSO method
and the reference method, generated by a long spatial
operator (M = 32) plus the time dispersion removal method
(Koene et al., 2017), further demonstrates the accuracy
preserving property of our method, as shown in Figure 7b.

4. Discussion

In this section, we discuss the computational cost,
memory, and I/O usage of our proposed VLTSO method.
First, we compare the computational cost of our VLTSO
FD method with that of a conventional FD method (Liu Y,
1998; Lines et al., 1999) for acoustic wave modeling.

Z (km)

X (km)

(a) SEG/EAGE 3D model with grid spacing # = 20 m. (b) Wavefield snapshot with » of 0.67245. Source used was

Ricker wavelet, with 10 Hz peak frequency, located at (x, y, z) = (3.38, 3.38, 0.2) km.
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Figure 5. 2D (a) and 3D (b) operator length variation by VLTSO strategy for stability-enhanced method. Time steps were 4
and 3 ms for 2D and 3D cases, respectively. 7= 10 and f, ,, = 30 Hz.
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Figure 6. 2D (a) and 3D (b) seismic records with maximum r values of 0.8966 and 0.67245, respectively.
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Figure 7. Trace comparison between variable length and reference solution. (a) Traces from 2D (trace 1 at x = 3.0 km, trace
2 atx = 4.0 km, and trace 3 at x = 5.0 km) and 3D (trace 4 at (x, y) = (3.0, 3.0) km, trace 5 at (x, y) = (3.0, 4.0) km, and trace 6
at (x, y) = (3.0, 5.0) km) high velocity contrast modeling shown in Figure 3. (b) Traces from 2D (trace 1 at x = 3.76 km, trace
2 atx = 6.76 km, and trace 3 at x = 9.76 km) and 3D (trace 4 at (x, y) = (6.76, 3.76) km, trace 5 at (x, y) = (6.76, 6.76) km, and
trace 6 at (x, y) = (6.76, 9.76) km) seismic records shown in Figure 6.

Consider the 2D SEG/EAGE model as an example, where equivalent to a time step of 7 =3 ms. To adopt the time
the grid spacing is 20 m, and the maximum velocity is step, the spatial operator length M = 1 (second-order
4483 m/s. The conventional method cannot stably model spatial accuracy) can be used. The modeling accuracy may
the wave propagation beyond r = V2/2 ~ 0.707, which is not be ensured by such low-order FDs, as indicated in
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Figure 8a. To reach a modeling accuracy comparable to
that of the VLTSO method, M must be increased.
However, an increase in M deteriorates the modeling
stability (Liu Y, 1998; Lines et al., 1999), which
necessitates a reduction in the time step. When using the
error constraints in Equation (20) (which are the same as
that of the VLTSO method), M = 26 and time step 7 =
0.7 ms must be adopted in the conventional FD method.
The snapshots shown in Figures 8b and 8c demonstrate
that using these parameters, the conventional FD method
can achieve an accuracy comparable to that of the VLTSO
FD method. Based on a similar accuracy, we compare the
CPU times for the two methods, as shown in Figure 9a; it
was revealed that compared with the conventional FD
method, our VLTSO FD method significantly reduced the
computational cost. Using the same approach, we present
the 3D graphic processing unit (GPU) times for the two
methods in Figure 9b, in which a conclusion similar to that
of the 2D case is obtained. It is noteworthy that we used
the same CPU (Intel Xeon CPU E5-2640) and GPU (Tesla
K40c) devices for timing the conventional and VLTSO FD
methods. Next, we discuss the memory usage of the
VLTSO method. Compared with the conventional FD

(@ X (km) (b)
3.00 4.75 6.50 825  10.00 3.00 4.75

X (km) (c)
6.50 8.25 10.00 3.00 4.75 6.50 8.25 10.00

method, the VLTSO method involves identical spatial
operators for the FD coefficients. Therefore, the same
amount of memory is used to store the spatial FD
coefficients in the VLTSO method. The only difference is
the additional storage requirement for the FD coefficients
of the temporal operator. The temporal FD coefficients in
Equations (4) and (5) are related to » or velocity, and we
can calculate and store the coefficients for representative
velocities with a small interval, such as 1 m/s. For the
VLTSO method, only 119 and 149 kB of memory are
required to store the FD coefficients for the 2D and 3D
cases when v € [1500,4483] m/s, respectively. The additi-
onal memory cost is low and acceptable. Finally, we dis-
cuss the I/O usage of the VLTSO method. Similar to the
conventional FD method, the proposed VLTSO method
only requires local communication rather than global com-
munication such as the pseudospectra method. Therefore,
our VLTSO method can be accelerated using a GPU device.

5. Conclusions

In this study, we develope a VLTSO FD strategy that
can model wave propagation beyond the conventional CFL

X (km)

g
N
2
3
Figure 8. Snapshots at 1.26 s generated by conventional FD method with M = 1 and time step 3 ms (a); conventional FD
method with M = 26 and time step 0.7 ms (b); new VLTSO method with time step 4 ms, and operator lengths are shown in
Figure Sa (c).
() (b)
700 -
Conventional FD 10 L Conventional FD
600
500 . 8 L
2 400 E
300 =
& 24l
o
200
VLTSO FD
100 L VLTSO FD 2r
0 0
FD methods for 2D case FD methods for 3D case
Figure 9. Computational cost analyses of two FD methods using same accuracy constraints. Recording time was 6.0 s.

(a) CPU time of 2D salt model simulation for conventional FD and VLTSO FD methods; (b) GPU time of 3D salt model

simulation for conventional FD and VLTSO FD methods.
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stability limit while preserving accuracy. The controlled
temporal and spatial operator lengths for the high-velocity
area guaranteed modeling stability, whereas the adaptive
operator length variations guaranteed the modeling
accuracy and efficiency for other areas. Because of the
enhanced stability, our proposed method can adopt a larger
time step than the conventional FD method when using the
same grid spacing and velocity model. For the same
accuracy demand, our VLTSO FD method is more
efficient than the conventional high-order FD method. The
stability analyses, modeling examples, and comparisons of
the computational costs between our method and the
conventional FD method validated the effectiveness of the
proposed VLTSO FD strategy.
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Appendix: FD coefficients for temporal
operator

In this appendix, we deduce the FD coefficients for the
2D and 3D temporal operators using the TE method.

First, we provide the derivation of the FD coefficients
for the 2D case and elucidate how these coefficients afford
(2N)th-order temporal accuracy. First, we present the con-
ventional center FD for the temporal derivative, as follows:

p
o

Transforming Equation (2) into

1 -
~ 5 (Poo+ Py = 2Po)- (A1)

the frequency-
wavenumber domain yields

5 —242cos(wr)
- .

> (A2)

Applying TE to the trigonometric functions yields

D 5 (D)
22 P w+2jz_; e . (A3)

Comparing both sides of Equation (A3), it is observed

% (=1 (wr)¥
hat 2 Y ————
that 22 =

minimum power of 7 in the error term is two, the accuracy

is the error term. Because the

of the conventional center FD is of the second order. To

increase the temporal accuracy to the (2N)th-order, we

2(- 1 (wr)?
must eliminate the high-order terms 20Dy G =2
@22

., N) in Equation (A3). Using the dispersion relation
w = kv and binomial theorem

k2] _ k2 k2 Jj_ ! kz(] 3)k28’ Ad
K +k2Y = Zu L (A%)
we have
2= () 2(-DI(kvr)?
@ (21)!12 B
2-nH Gt 202
kze. A5
EI e L A
2=/ (wr)¥
Therefore, eliminating the term M G =2,
ey .
2(-1y ]
3, ..., N) is equivalent to eliminating ﬂ
, @'
LU aG-e0e
2 ki’ Tk® (j=2,3, ..., N). Next, we prove that
e=0 (j—&)le!

this can be achieved using Equation (2). By transforming
Equation (2) into the frequency-wavenumber domain, we
obtain

2 —2+200s(w‘r)_

2
—1N-m
4 Z Y. ay, ,cos(mkyh)cos (nk.h)+ (A6)
V2 m=1 n=1

h? N
ag,+2 X a,  (cos(mkyh)+ cos (mk;h))
X o S

Applying TE to the trigonometrical functions and using
Equation (A5), we obtain

o (DI 4 U e 2%

2
Loy HG-aw K
N-1N-m 00 o ( ])3+fm2€n25h2(5+f)
N EDND WD) ok kX
Y m=1 n=1 e=0£=0 (28) (26)
h2 o (=1)/m2 K2 9
+al  +2 (k¥ i
a()() mz=: amo]ZO (2])' ( * ¢ )
(A7)
2=/ J U e

It is noteworthy that

X e SG-olel”
kz® can be decomposed into components that include

kngkzzg , k2, k; 2/ and zero wavenumbers.
2-/00¥ 4t o e

e S(-olel”
racting each component with the terms on the right side
of Equation (A7). Comparing the terms k,°k, % (s+¢& =
J» €#0, £#0 ) on both sides of Equation (A7) yields

We can

eliminate by counte-
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A8
. Ny . _ (A%) By grouping the independent equations shown in
Comparing the terms k™ or k;*/ on both sides of Equations (A8), (A9), (A10), and (All) and rearranging
Equation (A7) yields them, we arrive at Equation (4), which is the expression of
N=1N=-m 2D FD coefficients for the temporal operator. Because
43 Z al, ;m +2Za o =0, (A9) 21y (wr)
m=1 n= high-order terms #( Jj < N) can be counteracted
N=1N=m (_1)Jm21h2(1 DM (C1ymipUD @ptr
4% X @y +2X a,,——————= by Equation (4), the (2N)th-order temporal accuracy can be
m=1 n=1 (2]) m=1 """ (2.]) .
] . obtained.
D/

2! (AL0)

Comparing the zero wavenumber components on both
sides of Equation (A7) yields
o 2cos(wr)—2 V?
R i it

72 h2
N-2N-m—1N-m—-n
8Y X X 4.,
m=1 n=1 =1 T
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Applying TE for the trigonometric functions and

o (—1)/ 2j 2
ZZ( 1).(kVT) zv_><
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cos(mkyh) cos(nkyh) cos(lk;h)+
O[COS(mkxh) cos(nkyh) + cos(mkh) cos(nk;h) + cos(mkyh) cos(nk h)]+

0 [cos(mkyh) + cos(mkyh) + cos(mk;h)]
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Next, we provide the derivation of the FD coefficients
for the 3D case. The idea and workflow are similar to
those of the 2D case. By transforming Equation (3) into the
frequency—wavenumber domain, we obtain

(A12)

w = kv, we obtain

2ok Xk 4

m
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sl 20 £20y=0
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Using the trinomial theorem we obtaln
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Substituting Equation (A14) into Equation (A13) and

comparing the terms kngkyz»szw (e+é+y=j,e+0,
& #0 and ¢ # 0) on both sides of Equation (A13) yields

N-2N-m—1N-m-n
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(A15)
Comparing terms kxzskyz‘f, ke26k.*%, or kyzgkzz‘f(e+
¢ = j,e#0,& #0) on both sides of Equation (A13) yields
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Comparing terms ky>/, kyzj , or k> on both sides of  Equation (A13) yields
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25 dhor— (55

Comparing the zero wavenumber components on both
sides of Equation (A13) yields
N-2N-m—1N-m-n N—-1N-m

82 2 Z amnl+122 ZamnO

m=1 n=1 m=1 n=1

(A19)

t t —
500+ 6mz_:1 4,00 =0

By grouping the independent equations shown in
Equations (Al15), (A16), (Al7), (Al8), and (A19) and
rearranging them, we obtain Equation (5), which yields the
3D FD coefficients for the temporal operator.

References

Alford R, Kelly K, and Boore DM (1974). Accuracy of finite-
difference modeling of the acoustic wave equation.
Geophysics 39: 834-842.

Aminzadeh F, Burkhard N, Long J, Kunz T, and Duclos P (1996)
Three dimensional SEG/EAEG models — An update. The
Leading Edge 15: 131-134.

Baysal E, Kosloff DD, and Sherwood JW (1983). Reverse time
migration. Geophysics 48: 1 514-1 524.

Chen HM, Zhou H, Zhang QC and Chen Y (2016a). Modeling
elastic wave propagation using k-space operator-based
temporal high-order staggered-grid finite-difference method.
IEEE Transactions on Geoscience and Remote Sensing 55:
801-815.

Chen HM, Zhou H, Zhang QC, Xia MM and Li QQ (2016b). A
k-space operator-based least-squares staggered-grid finite-
difference method for modeling scalar wave propagation.
Geophysics 81: T45-T61.

Chen T, and He BS (2014). A normalized wave field separation
cross-correlation imaging condition for reverse time
migration based on Poynting vector. Applied Geophysics 11:
158-166.

Chen JB (2007). High-order time discretizations in seismic
modeling. Geophysics 72: SM115-SM122.

Dablain M (1986). The application of high-order differencing to
the scalar wave equation. Geophysics 51(1): 54-66.

Du QZ, Guo CF, Zhao Q, Gong XF, Wang CX and Li XY
(2017). Vector-based elastic reverse time migration based on
scalar imaging condition. Geophysics 82(2): S111-S127.

Fang G, Fomel S, Du QZ, and Hu JW (2014). Lowrank seismic-
wave extrapolation on a staggered grid. Geophysics 79(3):
T157-T168.

@p!

Finkelstein B, and Kastner R (2007). Finite difference time
domain dispersion reduction schemes.
Computational Physics 221 (1): 422-438.

Fomel S, Ying LX, and Song XL (2013). Seismic wave
extrapolation using lowrank  symbol
Geophysical Prospecting 61(3): 526-536.

Fornberg B (1987). The pseudospectral method: Comparisons

Journal  of

approximation.

with finite differences for the eclastic wave equation.
Geophysics 52: 483-501.

Gao YJ, Zhang JH, and Yao ZX (2018). Removing the stability
limit of the explicit finite-difference scheme with eigenvalue
perturbation. Geophysics 83 (6): A93—-A98.

Geller RJ, and Takeuchi N (1998). Optimally accurate second-
order time-domain finite difference scheme for the elastic
equation of motion: one-dimensional cases. Geophys J Int
135: 48-62.

Kelly K, Ward R, Treitel S, and Alford R (1976). Synthetic
seismograms:
41(1): 2-27.

Koene EF, Robertsson JO, Broggini F, and Andersson F (2017).
Eliminating time dispersion from seismic wave modeling.
Geophys J Int 213: 169-180.

Lax P, and Wendroff B (1960). Systems of conservation laws.
Communications on Pure and Applied Mathematics 13:
217-237.

Lele SK (1992). Compact finite difference schemes with spectral-

A finite-difference approach. Geophysics

like resolution. Journal of Computational Physics 103 (1):
16-42.

Li X, Sarris CD, and Triverio P (2014) Overcoming the FDTD
stability limit via model order reduction and eigenvalue

perturbation. IEEE MTT-S International Microwave
Symposium.: 1-3. 1-6 June 2014, Tampa, FL, USA. IEEE,
USA.

Lines LR, Slawinski R and Bording R P (1999). A recipe for
stability of finite-difference wave-equation computations.
Geophysics 64(3): 967-969.

Liu HF, Dai NX, Niu FL, and Wu W (2014). An explicit time
evolution method for acoustic wave propagation. Geophysics
79(3): T117-T124.

Liu Y (1998). Finite-difference numerical modeling of any even
order accuracy. Oil Geophysical Prospecting 33: 1-10 (in
Chinese with English abstract).

Liu Y (2013). Globally optimal finite-difference schemes based
on least squares. Geophysics 78(4): T113-T132.

Liu Y, and Sen MK (2009a). An implicit staggered-grid finite-
difference method for seismic modelling. Geophys J Int 179:


http://dx.doi.org/10.1190/1.1440470
http://dx.doi.org/10.1190/1.1440470
http://dx.doi.org/10.1190/1.1440470
http://dx.doi.org/10.1190/1.1440470
http://dx.doi.org/10.1190/1.1440470
http://dx.doi.org/10.1190/1.1441434
http://dx.doi.org/10.1190/1.1441434
http://dx.doi.org/10.1190/1.1441434
http://dx.doi.org/10.1190/1.1441434
http://dx.doi.org/10.1190/geo2015-0090.1
http://dx.doi.org/10.1190/geo2015-0090.1
http://dx.doi.org/10.1190/geo2015-0090.1
http://dx.doi.org/10.1190/geo2015-0090.1
http://dx.doi.org/10.1190/geo2015-0090.1
http://dx.doi.org/10.1190/geo2015-0090.1
http://dx.doi.org/10.1007/s11770-014-0441-5
http://dx.doi.org/10.1007/s11770-014-0441-5
http://dx.doi.org/10.1007/s11770-014-0441-5
http://dx.doi.org/10.1007/s11770-014-0441-5
http://dx.doi.org/10.1007/s11770-014-0441-5
http://dx.doi.org/10.1007/s11770-014-0441-5
http://dx.doi.org/10.1190/1.2750424
http://dx.doi.org/10.1190/1.2750424
http://dx.doi.org/10.1190/1.2750424
http://dx.doi.org/10.1190/1.2750424
http://dx.doi.org/10.1190/1.1442040
http://dx.doi.org/10.1190/1.1442040
http://dx.doi.org/10.1190/1.1442040
http://dx.doi.org/10.1190/1.1442040
http://dx.doi.org/10.1190/geo2016-0146.1
http://dx.doi.org/10.1190/geo2016-0146.1
http://dx.doi.org/10.1190/geo2016-0146.1
http://dx.doi.org/10.1190/geo2016-0146.1
http://dx.doi.org/10.1190/geo2013-0290.1
http://dx.doi.org/10.1190/geo2013-0290.1
http://dx.doi.org/10.1190/geo2013-0290.1
http://dx.doi.org/10.1190/geo2013-0290.1
http://dx.doi.org/10.1190/geo2013-0290.1
http://dx.doi.org/10.1016/j.jcp.2006.06.016
http://dx.doi.org/10.1016/j.jcp.2006.06.016
http://dx.doi.org/10.1016/j.jcp.2006.06.016
http://dx.doi.org/10.1016/j.jcp.2006.06.016
http://dx.doi.org/10.1016/j.jcp.2006.06.016
http://dx.doi.org/10.1111/j.1365-2478.2012.01064.x
http://dx.doi.org/10.1111/j.1365-2478.2012.01064.x
http://dx.doi.org/10.1111/j.1365-2478.2012.01064.x
http://dx.doi.org/10.1111/j.1365-2478.2012.01064.x
http://dx.doi.org/10.1111/j.1365-2478.2012.01064.x
http://dx.doi.org/10.1190/1.1442319
http://dx.doi.org/10.1190/1.1442319
http://dx.doi.org/10.1190/1.1442319
http://dx.doi.org/10.1190/1.1442319
http://dx.doi.org/10.1190/1.1442319
http://dx.doi.org/10.1190/geo2018-0447.1
http://dx.doi.org/10.1190/geo2018-0447.1
http://dx.doi.org/10.1190/geo2018-0447.1
http://dx.doi.org/10.1190/geo2018-0447.1
http://dx.doi.org/10.1190/geo2018-0447.1
http://dx.doi.org/10.1046/j.1365-246X.1998.00596.x
http://dx.doi.org/10.1046/j.1365-246X.1998.00596.x
http://dx.doi.org/10.1046/j.1365-246X.1998.00596.x
http://dx.doi.org/10.1046/j.1365-246X.1998.00596.x
http://dx.doi.org/10.1190/1.1440605
http://dx.doi.org/10.1190/1.1440605
http://dx.doi.org/10.1190/1.1440605
http://dx.doi.org/10.1002/cpa.3160130205
http://dx.doi.org/10.1002/cpa.3160130205
http://dx.doi.org/10.1002/cpa.3160130205
http://dx.doi.org/10.1002/cpa.3160130205
http://dx.doi.org/10.1002/cpa.3160130205
http://dx.doi.org/10.1016/0021-9991(92)90324-R
http://dx.doi.org/10.1016/0021-9991(92)90324-R
http://dx.doi.org/10.1016/0021-9991(92)90324-R
http://dx.doi.org/10.1016/0021-9991(92)90324-R
http://dx.doi.org/10.1016/0021-9991(92)90324-R
http://dx.doi.org/10.1190/1.1444605
http://dx.doi.org/10.1190/1.1444605
http://dx.doi.org/10.1190/1.1444605
http://dx.doi.org/10.1190/1.1444605
http://dx.doi.org/10.1190/1.1444605
http://dx.doi.org/10.1190/geo2013-0073.1
http://dx.doi.org/10.1190/geo2013-0073.1
http://dx.doi.org/10.1190/geo2013-0073.1
http://dx.doi.org/10.1190/geo2012-0480.1
http://dx.doi.org/10.1190/geo2012-0480.1
http://dx.doi.org/10.1190/geo2012-0480.1
http://dx.doi.org/10.1190/geo2012-0480.1
http://dx.doi.org/10.1111/j.1365-246X.2009.04305.x
http://dx.doi.org/10.1111/j.1365-246X.2009.04305.x
http://dx.doi.org/10.1111/j.1365-246X.2009.04305.x
http://dx.doi.org/10.1111/j.1365-246X.2009.04305.x
http://dx.doi.org/10.1190/1.1440470
http://dx.doi.org/10.1190/1.1440470
http://dx.doi.org/10.1190/1.1440470
http://dx.doi.org/10.1190/1.1440470
http://dx.doi.org/10.1190/1.1440470
http://dx.doi.org/10.1190/1.1441434
http://dx.doi.org/10.1190/1.1441434
http://dx.doi.org/10.1190/1.1441434
http://dx.doi.org/10.1190/1.1441434
http://dx.doi.org/10.1190/geo2015-0090.1
http://dx.doi.org/10.1190/geo2015-0090.1
http://dx.doi.org/10.1190/geo2015-0090.1
http://dx.doi.org/10.1190/geo2015-0090.1
http://dx.doi.org/10.1190/geo2015-0090.1
http://dx.doi.org/10.1190/geo2015-0090.1
http://dx.doi.org/10.1007/s11770-014-0441-5
http://dx.doi.org/10.1007/s11770-014-0441-5
http://dx.doi.org/10.1007/s11770-014-0441-5
http://dx.doi.org/10.1007/s11770-014-0441-5
http://dx.doi.org/10.1007/s11770-014-0441-5
http://dx.doi.org/10.1007/s11770-014-0441-5
http://dx.doi.org/10.1190/1.2750424
http://dx.doi.org/10.1190/1.2750424
http://dx.doi.org/10.1190/1.2750424
http://dx.doi.org/10.1190/1.2750424
http://dx.doi.org/10.1190/1.1442040
http://dx.doi.org/10.1190/1.1442040
http://dx.doi.org/10.1190/1.1442040
http://dx.doi.org/10.1190/1.1442040
http://dx.doi.org/10.1190/geo2016-0146.1
http://dx.doi.org/10.1190/geo2016-0146.1
http://dx.doi.org/10.1190/geo2016-0146.1
http://dx.doi.org/10.1190/geo2016-0146.1
http://dx.doi.org/10.1190/geo2013-0290.1
http://dx.doi.org/10.1190/geo2013-0290.1
http://dx.doi.org/10.1190/geo2013-0290.1
http://dx.doi.org/10.1190/geo2013-0290.1
http://dx.doi.org/10.1190/geo2013-0290.1
http://dx.doi.org/10.1016/j.jcp.2006.06.016
http://dx.doi.org/10.1016/j.jcp.2006.06.016
http://dx.doi.org/10.1016/j.jcp.2006.06.016
http://dx.doi.org/10.1016/j.jcp.2006.06.016
http://dx.doi.org/10.1016/j.jcp.2006.06.016
http://dx.doi.org/10.1111/j.1365-2478.2012.01064.x
http://dx.doi.org/10.1111/j.1365-2478.2012.01064.x
http://dx.doi.org/10.1111/j.1365-2478.2012.01064.x
http://dx.doi.org/10.1111/j.1365-2478.2012.01064.x
http://dx.doi.org/10.1111/j.1365-2478.2012.01064.x
http://dx.doi.org/10.1190/1.1442319
http://dx.doi.org/10.1190/1.1442319
http://dx.doi.org/10.1190/1.1442319
http://dx.doi.org/10.1190/1.1442319
http://dx.doi.org/10.1190/1.1442319
http://dx.doi.org/10.1190/geo2018-0447.1
http://dx.doi.org/10.1190/geo2018-0447.1
http://dx.doi.org/10.1190/geo2018-0447.1
http://dx.doi.org/10.1190/geo2018-0447.1
http://dx.doi.org/10.1190/geo2018-0447.1
http://dx.doi.org/10.1046/j.1365-246X.1998.00596.x
http://dx.doi.org/10.1046/j.1365-246X.1998.00596.x
http://dx.doi.org/10.1046/j.1365-246X.1998.00596.x
http://dx.doi.org/10.1046/j.1365-246X.1998.00596.x
http://dx.doi.org/10.1190/1.1440605
http://dx.doi.org/10.1190/1.1440605
http://dx.doi.org/10.1190/1.1440605
http://dx.doi.org/10.1002/cpa.3160130205
http://dx.doi.org/10.1002/cpa.3160130205
http://dx.doi.org/10.1002/cpa.3160130205
http://dx.doi.org/10.1002/cpa.3160130205
http://dx.doi.org/10.1002/cpa.3160130205
http://dx.doi.org/10.1016/0021-9991(92)90324-R
http://dx.doi.org/10.1016/0021-9991(92)90324-R
http://dx.doi.org/10.1016/0021-9991(92)90324-R
http://dx.doi.org/10.1016/0021-9991(92)90324-R
http://dx.doi.org/10.1016/0021-9991(92)90324-R
http://dx.doi.org/10.1190/1.1444605
http://dx.doi.org/10.1190/1.1444605
http://dx.doi.org/10.1190/1.1444605
http://dx.doi.org/10.1190/1.1444605
http://dx.doi.org/10.1190/1.1444605
http://dx.doi.org/10.1190/geo2013-0073.1
http://dx.doi.org/10.1190/geo2013-0073.1
http://dx.doi.org/10.1190/geo2013-0073.1
http://dx.doi.org/10.1190/geo2012-0480.1
http://dx.doi.org/10.1190/geo2012-0480.1
http://dx.doi.org/10.1190/geo2012-0480.1
http://dx.doi.org/10.1190/geo2012-0480.1
http://dx.doi.org/10.1111/j.1365-246X.2009.04305.x
http://dx.doi.org/10.1111/j.1365-246X.2009.04305.x
http://dx.doi.org/10.1111/j.1365-246X.2009.04305.x
http://dx.doi.org/10.1111/j.1365-246X.2009.04305.x
http://dx.doi.org/10.29382/eqs-2021-0009

136 doi: 10.29382/eqs-2021-0009

Zhou HY et al.

459-474.

Liu Y, and Sen MK (2009b). A new time-space domain high-
order finite-difference method for the acoustic wave
equation. Journal of Computational Physics 228(23): 8 779—
8 806.

Liu 'Y, and Sen MK (2009c¢). A practical implicit finite-difference
method: Examples from seismic modelling. J Geophys Eng
6: 231-249.

Liu Y and Sen MK (2011). Finite-difference modeling with
adaptive variable-length spatial operators. Geophysics 76:
T79-T89.

Liu Y and Sen MK (2013). Time-space domain dispersion-
relation-based finite-difference method with arbitrary even-
order accuracy for the 2D acoustic wave equation. Journal of
Computational Physics 232: 327-345.

Long GH, Zhao YB, and Zou J (2013). A temporal fourth-order
scheme for the first-order acoustic wave equations. Geophys
J Int 194: 1473-1485.

McMechan GA (1983). Migration by extrapolation of time-
dependent boundary values. Geophysical Prospecting 31:
413-420.

Mitchell AR, and Griffiths DF (1980) The finite difference
method in partial differential equations. John Wiley & Sons,
New York, pp. 201.

Moczo P, Kristek J, Vavrycuk V, Archuleta R, and Halada L
(2002). 3D heterogeneous staggered-grid finite-difference
modeling of seismic motion with volume harmonic and
arithmetic averaging of elastic moduli and densities. Bull
Seismol Soc Amer 92: 3 042-3 066.

Moczo P, Kristek J, and Galis M (2014) The finite-difference
modelling of earthquake motions: Waves and ruptures.
Cambridge University Press Cambridge University Press,
United Kingdom, pp. 83.

Qu YM, Li ZC, Huang JP, Li JL, and Guan Z (2017). Elastic full-
waveform inversion for surface topography. Geophysics 82:
R269-R285.

Ren ZM, and Li ZC (2017). Temporal high-order staggered-grid
finite-difference schemes for elastic wave propagation.
Geophysics 82: T207-T224.

Ren ZM, Li ZC, Liu Y, and Sen MK (2017). Modeling of the
acoustic wave equation by staggered-grid finite-difference
schemes with high-order temporal and spatial accuracy. Bull
Seismol Soc Amer 107: 2 160-2 182.

Song XL, Fomel S, and Ying LX (2013). Lowrank finite-

differences and lowrank Fourier finite-differences for seismic
wave extrapolation in the acoustic approximation. Geophys J
Int 193: 960-969.

Tan SR, and Huang LJ (2014). An efficient finite-difference
method with high-order accuracy in both time and space
domains for modelling scalar-wave propagation. Geophys J
Int 197: 1 250-1 267.

Tarantola A (1984). Inversion of seismic reflection data in the
acoustic approximation. Geophysics 49: 1 259—1 266.

Virieux J (1984). SH-wave propagation in heterogeneous media:
Velocity-stress finite-difference method. Geophysics 49:
19331 942.

Wang EJ, Ba J, and Liu Y (2018). Time-space-domain implicit
finite-difference methods for modeling acoustic wave
equations. Geophysics 83: T175-T193.

Wang EJ, and Liu Y (2018). An implicit spatial and high-order
temporal finite difference scheme for 2D acoustic modelling.
Exploration Geophysics 49: 187-201.

Wang EJ, Liu Y, and Sen MK (2016). Effective finite-difference
modelling methods with 2-D acoustic wave equation using a
combination of cross and rhombus stencils. Geophys J Int
206: 1 933—1 958.

Xu SG, and Liu Y (2018). 3D acoustic wave modeling with a
time-space-domain temporal high-order finite-difference
scheme. J Geophys Eng 15: 1 963—1 976.

Yang DH, He XJ, Ma X, Zhou YJ, and Li JS (2016). An optimal
nearly analytic discrete-weighted Runge-Kutta discontinuous
Galerkin hybrid method for acoustic wavefield modeling.
Geophysics 81: T251-T263.

Zhang JH, and Yao ZX (2012). Optimized finite-difference
operator for broadband seismic wave modeling. Geophysics
78 (1): A13-A18.

Zhou HY, Liu Y, and Wang J (2018) Finite-difference modeling
with adaptive variable-length temporal and spatial operators.
88th Annual International SEG, Expanded
Abstracts: 4015-4019.

Zhou HY, Liu Y, and Wang J (2021). Optimizing orthogonal-
octahedron finite-difference scheme for 3D acoustic wave

Meeting,

modeling by combination of Taylor-series expansion and
Remez exchange method. Exploration Geophysics 52(3):
335-355.

Zhou HB and Zhang G (2011). Prefactored optimized compact
finite-difference schemes for second spatial derivatives.
Geophysics 76(5): WB87-WB95.


http://dx.doi.org/10.1111/j.1365-246X.2009.04305.x
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1088/1742-2132/6/3/003
http://dx.doi.org/10.1088/1742-2132/6/3/003
http://dx.doi.org/10.1088/1742-2132/6/3/003
http://dx.doi.org/10.1190/1.3587223
http://dx.doi.org/10.1190/1.3587223
http://dx.doi.org/10.1190/1.3587223
http://dx.doi.org/10.1190/1.3587223
http://dx.doi.org/10.1190/1.3587223
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1111/j.1365-2478.1983.tb01060.x
http://dx.doi.org/10.1111/j.1365-2478.1983.tb01060.x
http://dx.doi.org/10.1111/j.1365-2478.1983.tb01060.x
http://dx.doi.org/10.1111/j.1365-2478.1983.tb01060.x
http://dx.doi.org/10.1111/j.1365-2478.1983.tb01060.x
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1190/geo2016-0349.1
http://dx.doi.org/10.1190/geo2016-0349.1
http://dx.doi.org/10.1190/geo2016-0349.1
http://dx.doi.org/10.1190/geo2016-0349.1
http://dx.doi.org/10.1190/geo2016-0349.1
http://dx.doi.org/10.1190/geo2017-0005.1
http://dx.doi.org/10.1190/geo2017-0005.1
http://dx.doi.org/10.1190/geo2017-0005.1
http://dx.doi.org/10.1190/geo2017-0005.1
http://dx.doi.org/10.1190/geo2017-0005.1
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1190/1.1441754
http://dx.doi.org/10.1190/1.1441754
http://dx.doi.org/10.1190/1.1441754
http://dx.doi.org/10.1190/1.1441754
http://dx.doi.org/10.1190/1.1441605
http://dx.doi.org/10.1190/1.1441605
http://dx.doi.org/10.1190/1.1441605
http://dx.doi.org/10.1190/1.1441605
http://dx.doi.org/10.1190/1.1441605
http://dx.doi.org/10.1190/geo2017-0546.1
http://dx.doi.org/10.1190/geo2017-0546.1
http://dx.doi.org/10.1190/geo2017-0546.1
http://dx.doi.org/10.1190/geo2017-0546.1
http://dx.doi.org/10.1190/geo2017-0546.1
http://dx.doi.org/10.1071/EG16094
http://dx.doi.org/10.1071/EG16094
http://dx.doi.org/10.1071/EG16094
http://dx.doi.org/10.1071/EG16094
http://dx.doi.org/10.1071/EG16094
http://dx.doi.org/10.1093/gji/ggw250
http://dx.doi.org/10.1093/gji/ggw250
http://dx.doi.org/10.1093/gji/ggw250
http://dx.doi.org/10.1093/gji/ggw250
http://dx.doi.org/10.1088/1742-2140/aac131
http://dx.doi.org/10.1088/1742-2140/aac131
http://dx.doi.org/10.1088/1742-2140/aac131
http://dx.doi.org/10.1088/1742-2140/aac131
http://dx.doi.org/10.1088/1742-2140/aac131
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2011-0048.1
http://dx.doi.org/10.1190/geo2011-0048.1
http://dx.doi.org/10.1190/geo2011-0048.1
http://dx.doi.org/10.1190/geo2011-0048.1
http://dx.doi.org/10.1190/geo2011-0048.1
http://dx.doi.org/10.1111/j.1365-246X.2009.04305.x
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1088/1742-2132/6/3/003
http://dx.doi.org/10.1088/1742-2132/6/3/003
http://dx.doi.org/10.1088/1742-2132/6/3/003
http://dx.doi.org/10.1190/1.3587223
http://dx.doi.org/10.1190/1.3587223
http://dx.doi.org/10.1190/1.3587223
http://dx.doi.org/10.1190/1.3587223
http://dx.doi.org/10.1190/1.3587223
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1111/j.1365-2478.1983.tb01060.x
http://dx.doi.org/10.1111/j.1365-2478.1983.tb01060.x
http://dx.doi.org/10.1111/j.1365-2478.1983.tb01060.x
http://dx.doi.org/10.1111/j.1365-2478.1983.tb01060.x
http://dx.doi.org/10.1111/j.1365-2478.1983.tb01060.x
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1190/geo2016-0349.1
http://dx.doi.org/10.1190/geo2016-0349.1
http://dx.doi.org/10.1190/geo2016-0349.1
http://dx.doi.org/10.1190/geo2016-0349.1
http://dx.doi.org/10.1190/geo2016-0349.1
http://dx.doi.org/10.1190/geo2017-0005.1
http://dx.doi.org/10.1190/geo2017-0005.1
http://dx.doi.org/10.1190/geo2017-0005.1
http://dx.doi.org/10.1190/geo2017-0005.1
http://dx.doi.org/10.1190/geo2017-0005.1
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1190/1.1441754
http://dx.doi.org/10.1190/1.1441754
http://dx.doi.org/10.1190/1.1441754
http://dx.doi.org/10.1190/1.1441754
http://dx.doi.org/10.1190/1.1441605
http://dx.doi.org/10.1190/1.1441605
http://dx.doi.org/10.1190/1.1441605
http://dx.doi.org/10.1190/1.1441605
http://dx.doi.org/10.1190/1.1441605
http://dx.doi.org/10.1190/geo2017-0546.1
http://dx.doi.org/10.1190/geo2017-0546.1
http://dx.doi.org/10.1190/geo2017-0546.1
http://dx.doi.org/10.1190/geo2017-0546.1
http://dx.doi.org/10.1190/geo2017-0546.1
http://dx.doi.org/10.1071/EG16094
http://dx.doi.org/10.1071/EG16094
http://dx.doi.org/10.1071/EG16094
http://dx.doi.org/10.1071/EG16094
http://dx.doi.org/10.1071/EG16094
http://dx.doi.org/10.1093/gji/ggw250
http://dx.doi.org/10.1093/gji/ggw250
http://dx.doi.org/10.1093/gji/ggw250
http://dx.doi.org/10.1093/gji/ggw250
http://dx.doi.org/10.1088/1742-2140/aac131
http://dx.doi.org/10.1088/1742-2140/aac131
http://dx.doi.org/10.1088/1742-2140/aac131
http://dx.doi.org/10.1088/1742-2140/aac131
http://dx.doi.org/10.1088/1742-2140/aac131
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2011-0048.1
http://dx.doi.org/10.1190/geo2011-0048.1
http://dx.doi.org/10.1190/geo2011-0048.1
http://dx.doi.org/10.1190/geo2011-0048.1
http://dx.doi.org/10.1190/geo2011-0048.1
http://dx.doi.org/10.1111/j.1365-246X.2009.04305.x
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1016/j.jcp.2009.08.027
http://dx.doi.org/10.1088/1742-2132/6/3/003
http://dx.doi.org/10.1088/1742-2132/6/3/003
http://dx.doi.org/10.1088/1742-2132/6/3/003
http://dx.doi.org/10.1190/1.3587223
http://dx.doi.org/10.1190/1.3587223
http://dx.doi.org/10.1190/1.3587223
http://dx.doi.org/10.1190/1.3587223
http://dx.doi.org/10.1190/1.3587223
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1016/j.jcp.2012.08.025
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1093/gji/ggt168
http://dx.doi.org/10.1111/j.1365-2478.1983.tb01060.x
http://dx.doi.org/10.1111/j.1365-2478.1983.tb01060.x
http://dx.doi.org/10.1111/j.1365-2478.1983.tb01060.x
http://dx.doi.org/10.1111/j.1365-2478.1983.tb01060.x
http://dx.doi.org/10.1111/j.1365-2478.1983.tb01060.x
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1785/0120010167
http://dx.doi.org/10.1190/geo2016-0349.1
http://dx.doi.org/10.1190/geo2016-0349.1
http://dx.doi.org/10.1190/geo2016-0349.1
http://dx.doi.org/10.1190/geo2016-0349.1
http://dx.doi.org/10.1190/geo2016-0349.1
http://dx.doi.org/10.1190/geo2017-0005.1
http://dx.doi.org/10.1190/geo2017-0005.1
http://dx.doi.org/10.1190/geo2017-0005.1
http://dx.doi.org/10.1190/geo2017-0005.1
http://dx.doi.org/10.1190/geo2017-0005.1
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1785/0120170068
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggt017
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1093/gji/ggu077
http://dx.doi.org/10.1190/1.1441754
http://dx.doi.org/10.1190/1.1441754
http://dx.doi.org/10.1190/1.1441754
http://dx.doi.org/10.1190/1.1441754
http://dx.doi.org/10.1190/1.1441605
http://dx.doi.org/10.1190/1.1441605
http://dx.doi.org/10.1190/1.1441605
http://dx.doi.org/10.1190/1.1441605
http://dx.doi.org/10.1190/1.1441605
http://dx.doi.org/10.1190/geo2017-0546.1
http://dx.doi.org/10.1190/geo2017-0546.1
http://dx.doi.org/10.1190/geo2017-0546.1
http://dx.doi.org/10.1190/geo2017-0546.1
http://dx.doi.org/10.1190/geo2017-0546.1
http://dx.doi.org/10.1071/EG16094
http://dx.doi.org/10.1071/EG16094
http://dx.doi.org/10.1071/EG16094
http://dx.doi.org/10.1071/EG16094
http://dx.doi.org/10.1071/EG16094
http://dx.doi.org/10.1093/gji/ggw250
http://dx.doi.org/10.1093/gji/ggw250
http://dx.doi.org/10.1093/gji/ggw250
http://dx.doi.org/10.1093/gji/ggw250
http://dx.doi.org/10.1088/1742-2140/aac131
http://dx.doi.org/10.1088/1742-2140/aac131
http://dx.doi.org/10.1088/1742-2140/aac131
http://dx.doi.org/10.1088/1742-2140/aac131
http://dx.doi.org/10.1088/1742-2140/aac131
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2015-0686.1
http://dx.doi.org/10.1190/geo2011-0048.1
http://dx.doi.org/10.1190/geo2011-0048.1
http://dx.doi.org/10.1190/geo2011-0048.1
http://dx.doi.org/10.1190/geo2011-0048.1
http://dx.doi.org/10.1190/geo2011-0048.1
http://dx.doi.org/10.29382/eqs-2021-0009

