
Acoustic finite-difference modeling beyond conventional Courant-Friedrichs-Lewy stability limit:
Approach based on variable-length temporal and spatial operators

Hongyu Zhou, Yang Liu, Jing Wang

Citation: Zhou HY, Liu Y, Wang J (2021). Acoustic finite-difference modeling beyond conventional Courant-Friedrichs-Lewy
stability  limit:  Approach based on variable-length temporal  and spatial  operators.  Earthquake Science,  34(2):  123-136, doi:
10.29382/eqs-2021-0009

View online: http://www.equsci.org.cn/article/doi/10.29382/eqs-2021-0009

Related articles that may interest you

Numerical simulation of seismic wavefields in TTI media using the rotated staggered-grid compact finite-difference scheme

Earthquake Science. 2018, 31(2), 75   https://doi.org/10.29382/eqs-2018-0075-4

Acoustic viscoelastic modeling by frequency-domain boundary element method

Earthquake Science. 2017, 30(2), 97   https://doi.org/10.1007/s11589-017-0177-4

Modeling and RTM for arbitrary-order pure acoustic wave equation in VTI media using normalized pseudo-analytical method

Earthquake Science. 2018, 31(2), 83   https://doi.org/10.29382/eqs-2018-0083-5

Finite difference calculation of traveltime on non-orthogonal grid

Earthquake Science. 2018, 31(2), 55   https://doi.org/10.29382/eqs-2018-0055-2

Erratum to: Numerical simulation of seismic wavefields in TTI media using the rotated staggered-grid compact finite-difference
scheme

Earthquake Science. 2018, 31(4), 75   https://doi.org/10.29382/eqs-2018-0075-4

Source-independent wave-equation based microseismic source location using traveltime inversion

Earthquake Science. 2018, 31(2), 100   https://doi.org/10.29382/eqs-2018-0100-7

Follow Earthq Sci WeChat public account for more information



Research paper

Acoustic  finite-difference  modeling  beyond  conventi-
onal  Courant-Friedrichs-Lewy  stability  limit:  App-
roach based on variable-length temporal
and spatial operators
Hongyu Zhou1, Yang Liu1,2,*, and Jing Wang1

1 State Key Laboratory of Petroleum Resources and Prospecting, China University of Petroleum, Beijing 102249, China
2 Karamay Campus China University of Petroleum (Beijing), Karamay 834000, China

Corresponding author Liu Y, email: wliuyang@vip.sina.com

Key points:
• We have developed a new FD with variable-length temporal and spatial operators.
• The new FD simultaneously enhances the modeling stability and ensures the modeling accuracy.
• The new FD is more efficient than the conventional high-order FD method.

Abstract         Conventional  finite-difference  (FD)
methods  cannot  model  acoustic  wave  propagation  beyond
Courant-Friedrichs-Lewy (CFL) numbers 0.707 and 0.577 for
two-dimensional  (2D)  and  three-dimensional  (3D)  equal
spacing  cases,  respectively,  thereby  limiting  time  step
selection. Based on the definition of temporal and spatial FD
operators,  we  propose  a  variable-length  temporal  and  spatial
operator  strategy  to  model  wave  propagation  beyond  those
CFL  numbers  while  preserving  accuracy.  First,  to  simulate
wave  propagation  beyond  the  conventional  CFL  stability
limit,  the  lengths  of  the  temporal  operators  are  modified  to
exceed  the  lengths  of  the  spatial  operators  for  high-velocity
zones.  Second,  to  preserve  the  modeling  accuracy,  the
velocity-dependent  lengths  of  the  temporal  and  spatial
operators are adaptively varied. The maximum CFL numbers
for  the  proposed  method  can  reach  1.25  and  1.0  in  high
velocity  contrast  2D  and  3D  simulation  examples,  respec-
tively.  We  demonstrate  the  effectiveness  of  our  method  by
modeling wave propagation in simple and complex media.

Keywords: acoustic  wave  equation;  finite-difference;  stability
condition; Courant-Friedrichs-Lewy  numbers;  vari-
able length.
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1.  Introduction

The  finite-difference  (FD)  time-domain  method  has
been  applied  extensively  to  solve  wave  equations  for
geophysical  problems  and  provides  a  basis  for  seismic
modeling (Alford et al.,  1974; Kelly et al.,  1976; Virieux,
1984; Dablain, 1986; Moczo et al., 2002; 2014; Yang DH
et al., 2016) and imaging (Baysal et al., 1983; McMechan,
1983; Tarantola, 1984; Chen T and He BS, 2014; Du QZ et
al.,  2017; Qu  YM et  al.,  2017).  However,  the  stability  of
conventional  FD  methods,  estimated  by  the  Courant-
Friedrichs-Lewy (CFL)  number,  imposes  limitation  on  its
use.  For  a  specified  velocity  model  and grid  spacing,  this
limitation  imposes  a  severe  restriction  on  the  maximum
allowable time step for seismic modeling and imaging. The
stability  of  FD  modeling  is  often  affected  by  the  spatial
and temporal accuracy.

Increasing  spatial  FD  accuracy  often  deteriorates
simulation  stability  (Fornberg,  1987; Liu  Y and Sen MK,
2009a; Zhou HB and Zhang G,  2011; Zhang JH and Yao
ZX,  2012; Wang  EJ  and  Liu  Y,  2018).  Spatial
discretization methods can be classified by the type of FD
stencils,  i.e.,  implicit  or  explicit.  For  wave  equation
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simulation,  spatial  domain  implicit  FD  stencils  (Lele,
1992; Liu  Y  and  Sen  MK,  2009a, c)  often  exhibit  worse
stability  than  explicit  ones  (Dablain,  1986; Liu  HF  et  al.,
2014), although their accuracy is better. Depending on the
method  used  to  obtain  FD  coefficients,  spatial  FD
approaches  can  be  classified  into  two  categories:  Taylor-
series  expansion  (TE)  methods  (Liu  Y,  1998; Liu  Y  and
Sen  MK,  2009b, 2013)  and  optimization  methods  (Geller
and Takeuchi, 1998; Zhang JH and Yao ZX, 2012; Liu Y,
2013).  Between  these  methods,  optimization  methods  ac-
hieve higher simulation accuracy than TE methods. Conse-
quently,  the  simulation  stability  afforded  by  TE  methods
is  better  than  that  by  optimization  methods.  Low-order
spatial FD methods possess better stability than high-order
ones,  and  the  infinite  order  FD  (pseudospectral)  method
exhibits  the  worst  stability  (Fornberg,  1987).  Other
combined FD methods using stencils and coefficients have
been investigated. It has been demonstrated that modeling
stability  is  inversely  proportional  to  spatial  accuracy
(Wang EJ and Liu Y, 2018; Wang EJ et al., 2018; Xu SG
and Liu Y, 2018).

√
2/2 ≈ 0.707

√
3/3 ≈ 0.577

Meanwhile,  increasing  temporal  accuracy  tends  to
improve  simulation  stability  (Chen  JB,  2007; Liu  Y  and
Sen  MK,  2013; Long  GH  et  al.,  2013; Wang  EJ  et  al.,
2016; Zhou HY et al., 2021). Lax-Wendroff (LW) schemes
(Lax  and  Wendroff,  1960)  are  a  typical  class  of  effective
methods. However, the exact high-order temporal accuracy
of  the  LW  method  depends  on  the  spectral  accuracy  of
spatial  derivatives  (Long  GH  et  al.,  2013)  and  incurs  a
high  computational  cost.  Alternative  methods  for  enhan-
cing stability include dispersion-relation-based FD metho-
ds  by  space  (Dablain,  1986),  time-space  (Finkelstein  and
Kastner, 2007), and space-wavenumber domains (Song XL
et al., 2013; Fomel et al., 2013; Fang G et al., 2014). Using
the  time-space  domain  method, Liu  Y  and  Sen  MK
(2009b) enhanced  FD  modeling  stability  by  achieving
high-order  temporal  accuracy  along  eight  acoustic  wave
propagation  directions.  To  further  improve  the  simulation
stability,  temporal  accuracy  was  improved  to  a  (2N)th-
order  accuracy  along  all  propagation  directions  using  a
rhombus-shaped  FD  stencil  (Liu  Y  and  Sen  MK,  2013),
the  maximum  allowable  CFL  numbers  of  which  were

 and  for  two-dimensional  (2D)
and  three-dimensional  (3D)  equal  spacing  cases,  respecti-
vely. To date, these CFL numbers remain the upper stabi-
lity limit of the traditional temporal and spatial high-order
time-space domain FD methods (Liu Y, 1998; Lines et al.,
1999; Liu  Y  and  Sen  MK,  2009b; Wang  EJ  et  al.,  2016;
Chen  HM  et  al.,  2016a, b; Ren  ZM  and  Li  ZC,  2017;
Wang EJ and Liu Y, 2018). Practically, it is impossible to
reach  the  CFL  stability  limit  by  balancing  the  modeling
accuracy  and  stability  using  high-order  or  optimization

methods.
In  addition  to  increasing  temporal  and  decreasing

spatial  accuracy,  FD  stability  can  be  enhanced  using
perturbation  methods  (Li  X  et  al.,  2014; Gao  YJ  et  al.,
2018)  by  adjusting  the  eigenvalue  of  the  time  domain
updating  matrix.  However,  the  FD  updating  process  is
memory  and  input/output  (I/O)  consuming,  and  this
method  cannot  be  applied  easily  to  extremely  large  2D
models and moderate 3D models.

In  this  study,  we  aim  to  establish  a  stability  enhance-
ment FD modeling strategy using local stability and accu-
racy  constraints.  Our  strategy  is  based  on  the  analyses  of
the following two observations:  First,  increasing temporal
accuracy  and  decreasing  spatial  accuracy  can  enhance
modeling stability (Tan SR and Huang LJ, 2014; Wang EJ
et  al.,  2016; Ren  ZM  et  al.,  2017; Ren  ZM  and  Li  ZC,
2017);  second,  high-velocity  zones  require  stricter  mod-
eling stability than low-velocity zones. Therefore, the tempo-
ral and spatial operator lengths can be varied adaptively to
ensure local modeling stability. In addition to stability, we
incorporated the modeling accuracy constraint (Liu Y and
Sen  MK,  2011; Zhou  HY  et  al.,  2018)  to  ensure  both
aspects.

The  remainder  of  this  paper  is  organized  as  follows:
First,  we  define  the  temporal  and  spatial  operators  and
their lengths. Second, we propose the variable-length tempo-
ral  and  spatial  operator  (VLTSO)  strategy,  which  can
simultaneously  enhance  the  modeling  stability  and  main-
tain  FD  accuracy.  Third,  stability  analyses  and  numerical
examples  to  verify  the  features  of  the  proposed  VLTSO
FD method are presented. Finally, our VLTSO FD method
and  conventional  FD  methods  are  compared;  it  is  disco-
vered  that  our  stability-enhanced  VLTSO  FD  method  is
more efficient when the same accuracy constraint is used.

2.  Theory and method

2.1.   Definition  of  temporal  and  spatial  operators
and their lengths

The  constant  density  acoustic  wave  equation  is  exp-
ressed as

1
v2
∂2 p
∂t2 = ∆p, (1)

p = p(x,z, t) p = p(x,y,z, t)
v = v(x,z)

v = v(x,y,z)
∆

D2N
t

where  and  are  the  wavefields
for  the  2D  and  3D  cases,  respectively;  and

 are  the  2D  and  3D  velocity  models,
respectively;  and  is  the  Laplace  operator.  Using
rhombus- and octahedron-shaped operators (Liu Y and Sen
MK, 2013; Xu SG and Liu Y, 2018), we define 2D and 3D
temporal operators  as follows:
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∂2 p
∂t2 ≈ D2N

t p0
0,0 =

1
τ2 (p1

0,0+ p−1
0,0−2p0

0,0)− v2

h2

[N−1∑
m=1

N−m∑
n=1

at
m,n

(
p0
−m,−n+ p0

m,n+ p0
−m,n+ p0

m,−n

)
+

at
0,0 p0

0,0+

N∑
m=1

at
m,0

(
p0
−m,0+ p0

m,0+ p0
0,m+ p0

0,−m

)]
, (2)

∂2 p
∂t2 ≈D2N

t p0
0,0,0 =

1
τ2 (p1

0,0,0+ p−1
0,0,0−2p0

0,0,0)− v2

h2×[
N−2∑
m=1

N−m−1∑
n=1

N−m−n∑
l=1

at
m,n,l

 p0
m,n,l+ p0

m,n,−l+ p0
m,−n,l+ p0

m,−n,−l

+p0
−m,n,l+ p0

−m,n,−l+ p0
−m,−n,l+ p0

−m,−n,−l

+
N−1∑
m=1

N−m∑
n=1

at
m,n,0

 p0
−m,−n,0+ p0

m,n,0+ p0
−m,n,0+ p0

m,−n,0+ p0
−m,0,−n+ p0

m,0,n

+p0
−m,0,n+ p0

m,0,−n+ p0
0,−m,−n+ p0

0,m,n+ p0
0,−m,n+ p0

0,m,−n

+
at

0,0,0 p0
0,0,0+

N∑
m=1

at
m,0,0(p0

m,0,0+ p0
−m,0,0+ p0

0,m,0+ p0
0,−m,0+ p0

0,0,m+ p0
0,0,−m)

]
,

(3)
po

m,n=

p(x+mh,z+nh, t+oτ) po
m,n,l= p(x+mh,y+nh,z+lh, t+oτ)

τ

at
m,n at

m,n,l

where  the  discretized  pressure  wavefields  are 
 and 

for the 2D and 3D cases, respectively;  and h denote the
time step and grid spacing, respectively;  and  are
temporal derivative-related FD coefficients for the 2D and

at
m,n at

m,n,l

3D  cases,  respectively.  Using  the  TE  method  (Liu  Y  and
Sen  MK,  2013; Tan  SR  and  Huang  LJ,  2014),  we  can
deduce  the  FD  coefficients  for  and .  In  the
appendix,  we  present  the  derivation  of  these  coefficients,
which can be expressed as

N−1∑
m=1

N−m∑
n=1

m2 j−2ξn2ξat
m,n =

j!r2r−2 (2 j−2ξ)! (2ξ)!
2(2 j)!ξ! ( j− ξ)!

(
ξ ∈ [

1, int( j/2)
]
,

j ∈ [2,N]

)
N∑

m=1
m2at

m,0+2
N−1∑
m=1

N−m∑
n=1

m2at
m,n = 0

N∑
m=1

m2 jat
m,0+2

N−1∑
m=1

N−m∑
n=1

m2 jat
m,n = r2 j−2 ( j ∈ [2,N])

at
0,0+4

N∑
m=1

at
m,0+4

N−1∑
m=1

N−m∑
n=1

at
m,n = 0

, (4)



N−2∑
m=1

N−m−1∑
n=1

N−m−n∑
l=1

m2 j−2ξn2ξ−2ψl2ψat
m,n,l =

j!r2 j−2(2 j−2ξ)!(2ξ−2ψ)!(2ψ)!
4(2 j)!( j− ξ)!(ξ−ψ)!ψ!


ψ ∈ [0, int( j/3)],

ξ ∈
[
2ψ, int

( j+ψ
2

)]


N−1∑
m=1

N−m∑
n=1

m2 j−ξn2ξat
m,n,0+2

N−2∑
m=1

N−m−1∑
n=1

N−m−n∑
l=1

m2 j−2ξn2ξat
m,n,l =

j!r2 j−2(2 j−2ξ)!(2ξ)!
2(2 j)!( j− ξ)!

(
ξ ∈

[
1, int

( j
2

)])
N∑

m=1
m2at

m,0,0+4
N−1∑
m=1

N−m∑
n=1

m2at
m,n,0+4

N−2∑
m=1

N−m−1∑
n=1

N−m−n∑
l=1

m2at
m,n,l = 0

N∑
m=1

m2 jat
m,0,0+4

N−1∑
m=1

N−m∑
n=1

m2 jat
m,n,0+4

N−2∑
m=1

N−m−1∑
n=1

N−m−n∑
l=1

m2 jat
m,n,l = r2 j−2 ( j ∈ [2,N])

at
0,0,0+6

N∑
m=1

at
m,0,0+12

N−1∑
m=1

N−m∑
n=1

at
m,n,0+8

N−2∑
m=1

N−m−1∑
n=1

N−m−n∑
l=1

at
m,n,l = 0

, (5)

r = vτ/hwhere  the  CFL  number  is  expressed  as .  To  see
the  meaning  of  temporal  operator,  we  convert  Equations
(2)  and  (3)  into  the  frequency-wavenumber  domain  as
follows:
 
 

−ω2 ≈ −ω2+2
∞∑
j=2

(−1) j(kv)2 jτ2 j−2

(2 j)!
− v2

h2×[
4

N−1∑
m=1

N−m∑
n=1

at
m,n cos(mkxh)cos(nkzh)+

at
0,0+2

N∑
m=1

at
m,0 (cos(mkxh)+ cos(mkzh))

]
,

(6)
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−ω2 ≈−ω2+2
∞∑
j=2

(−1) j(kv)2 jτ2 j−2

(2 j)!
− v2

h2×

{
8

N−2∑
m=1

N−m−1∑
n=1

N−m−n∑
l=1

at
m,n,lcos(mkxh)cos(nkyh)cos(lkzh)+

4
N−1∑
m=1

N−m∑
n=1

at
m,n,0[cos(mkxh)cos(nkyh)+ cos(mkxh)cos(nkzh)+ cos(mkyh)cos(nkzh)]+

at
0,0,0+2

N∑
m=1

at
m,0,0[cos(mkxh)+ cos(mkyh)+ cos(mkzh)]

}
. (7)

at
m,n at

m,n,l

τ2 j−2

By  using  coefficients  and ,  the  (2N)th-order
temporal  accuracy  can  be  achieved  by  eliminating  the
high-order term  (j =1, 2, …, N) in Equations (6) and
(7). Because N controls the order of the temporal accuracy,
we  define  it  as  the  temporal  operator  length.  It  is
noteworthy that the temporal coefficients in Equations (4)
and  (5)  are  different  from  those  of Liu  Y  and  Sen  MK
(2013) and Xu SG and Liu Y (2018), since the coefficients

presented  herein  contribute  solely  to  the  temporal
accuracy, whereas the coefficients presented in the above-
mentioned  previous  studies  contribute  to  both  temporal
and spatial accuracies.

D2M
sUsing high-order FD, 2D and 3D spatial operators 

can  be  defined  as  shown in  Equations  (8)  and  (9)  for  the
2D and 3D cases, respectively.

∆p ≈ D2M
s p0,0 =

1
h2

bs
0,0 p0

0,0+

M∑
m=1

bs
m,0(p0

m,0+ p0
−m,0+ p0

0,m+ p0
0,−m)

 , (8)

∆p ≈ D2M
s p0,0,0 =

1
h2

bs
0,0,0 p0

0,0,0+

M∑
m=1

bs
m,0,0

 p0
m,0,0+ p0

−m,0,0+ p0
0,m,0

+p0
0,−m,0+ p0

0,0,m+ p0
0,0,−m


 , (9)

bs
m,0 bs

m,0,0where  and  are  spatial  derivative-related  FD
coefficients (Liu Y, 1998), which are expressed as

bs
m,0,0 = bs

m,0 =
(−1)m+1

m2

∏
1≤i≤M,i,m

∣∣∣∣∣∣ i2

i2−m2

∣∣∣∣∣∣ (m = 1,2, ...,M)

bs
0,0,0 = −6

M∑
m=1

bs
m,0,0,b

s
0,0 = −4

M∑
m=1

bs
m,0

. (10)

Because M controls  the  order  of  spatial  accuracy,  we
define  it  as  the  spatial  operator  length.  Based  on  the
definition of the temporal and spatial operator lengths, we
will  discuss  the  method  to  control  the  modeling  stability
and accuracy in the following sections.
 

2.2.   Stability  criterion  for  conventional  and
proposed FD stencils

In this section, we derive the stability formulae for the
conventional FD method (Lines et al., 1999) and proposed
FD  method  using  the  eigenvalue  method.  By  substituting
Equations  (2)  and  (8)  into  (1),  the  recursive  form  for  the
2D case can be expressed as

p1
0,0 =

(
r2

(
at

0,0+bs
0,0

)
+2

)
p0

0,0+ r2

 M∑
m=1

bs
m,0

(
p0
−m,0+ p0

m,0+ p0
0,m+ p0

0,−m

)+
r2

[
N−1∑
m=1

N−m∑
n=1

at
m,n

(
p0
−m,−n+ p0

m,n+ p0
−m,n+ p0

m,−n

)
+

N∑
m=1

at
m,0

(
p0
−m,0+ p0

m,0+ p0
0,m+ p0

0,−m

) ]
− p−1

0,0.
(11)

Converting Equation (11) into the wavenumber domain

yields the following recursive matrix form:

 p̂1
0,0

p̂0
0,0

 = (
g −1
1 0

) p̂0
0,0

p̂−1
0,0

 , (12)

where
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g =2+ r2
(
at

0,0+bs
0,0

)
+2r2

M∑
m=1

bs
m,0 (cos(mkxh)+ cos(mkzh))+

2r2
N∑

m=1

at
m,0 (cos(mkxh)+ cos(mkzh))+4r2

N−1∑
m=1

N−m∑
n=1

at
m,n (cos(mkxh)cos(nkzh)). (13)

p̂k
i, j pk

i, j
|g| ⩽ 2

Here,  denotes the spatial Fourier transform of .
When ,  the  eigenvalues  of  the  transition  matrix  are

within a unit circle and the simulation is stable (Liu Y and
Sen MK, 2009b; 2013). Therefore,

r ≤
[
−

at
0,0+bs

0,0

4
− 1

2

M∑
m=1

bs
m,0 (cos(mkxh)+ cos(mkzh))−

1
2

N∑
m=1

at
m,0 (cos(mkxh)+ cos(mkzh))−

N−1∑
m=1

N−m∑
n=1

at
m,n (cos(mkxh)cos(nkzh))

]−1/2

.
(14)

The  FD  simulation  error  generally  increases  with  the
wavenumber;  therefore,  we  consider  the  Nyquist

kx = kz = π/hwavenumber .  Correspondingly,  the  stability
condition of the 2D FD stencil is expressed as

r ≤ s =
[
−

at
0,0+bs

0,0

4
+

M∑
m=1

bs
m,0(−1)m−1+

N∑
m=1

at
m,0(−1)m−1+

N−1∑
m=1

N−m∑
n=1

at
m,n(−1)m+n−1

]−1/2

, (15)

at
m,n bs

m,n at
m,n

bs
m,n

τ r = vτ/h

where s is the stability factor. As shown, s depends on M,
N, , and . Moreover,  depends on parameters N
and r, whereas  depends on M. For a model with fixed
grid spacing h and time step ,  is only affected by
velocity v. Therefore, s = s (M, N, v) is a function of M, N,
and v.

When N = 0, Equation (15) is equivalent to the stability
condition  of  the  conventional  FD  stencil  for  2D  acoustic
modeling, expressed as follows:

r ≤ s =

−bs
0,0

4
+

M∑
m=1

bs
m,0(−1)m−1


−1/2

. (16)

It  is  noteworthy  that  the  stability  factor s for  the

bs
0,0 bs

m,0

r =
√

2/2≈ 0.707

conventional  FD  in  Equation  (16)  is  only  a  function  of  a
single  parameter M,  since  and  are  functions  of
only M.  It  has  been  reported  (Mitchell  and  Griffiths,
1980; Lines et  al.,  1999; Liu Y and Sen MK, 2009b) that
the  maximum  allowable r for  the  conventional  stencil  is

M =  1.  Furthermore,  an  increase  in M
deteriorates the modeling stability.

Using  a  similar  method,  we  can  prove  the  stability
conditions  of  the  conventional  and  proposed  methods  for
the 3D case. The stability conditions are expressed as follows:

r ≤ s (M) =

−bs
0,0,0

4
+

3
2

M∑
m=1

bs
m,0,0(−1)m−1


−1/2

, (17)

r ≤ s (M,N,v) =

−at
0,0,0+bs

0,0,0

4
+

3
2

M∑
m=1

bs
m,0,0(−1)m−1+

3
2

N∑
m=1

at
m,0,0(−1)m−1+3

N−1∑
m=1

N−m∑
n=1

at
m,n,0(−1)m+n−1+

2
N−2∑
m=1

N−m−1∑
n=1

N−m−n∑
l=1

at
m,n,l(−1)m+n+l−1

]−1/2

.

(18)

The  stability  conditions  shown  in  Equations  (17)  and
(18)  are  those  for  the  conventional  method  and  proposed
method,  respectively.  Analogously,  the  3D  stability
condition for the conventional method (Lines et al., 1999)

is a function of only M, whereas the stability condition for
the  proposed  method  is  a  function  of M, N,  and v.  It  has
been  reported  (Mitchell  and  Griffiths,  1980; Lines  et  al.,
1999; Liu  Y  and  Sen  MK,  2009b)  that  the  best  3D
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r ≤
√

3/3 ≈ 0.577
modeling  stability  for  the  conventional  method  is

 with M =  1,  and  that  an  increase  in M
deteriorates the modeling stability.

2.3.   Improving  stability  by  modifying  lengths  of
temporal and spatial operators

√
2/2 ≈ 0.707

√
3/3 ≈ 0.577

M ≥ N

Conventional  FD  methods  cannot  stably  model
acoustic wave propagation when the CFL numbers exceed

 and  for  the  2D and 3D cases,
respectively.  In  this  section,  we  nullify  this  stability  limit
by  modifying  the  length  of  the  temporal  operator N to
exceed  the  length  of  the  spatial  operator M.  Our
modification  is  based  on  the  observation  that  increasing
temporal  accuracy  (increasing N)  and  decreasing  spatial
accuracy  (decreasing M)  can  improve  modeling  stability
(Liu Y and Sen MK, 2013; Tan SR and Huang LJ,  2014;
Ren ZM and Li ZC, 2017). However, it has been reported
(Liu Y and Sen MK, 2013; Wang EJ et  al.,  2016; Xu SG
and Liu Y, 2018) that M is  always designed to be greater
than N. If we decrease M and increase N further until M <
N,  the  stability  may  be  further  enhanced  because  the
spatial  and  temporal  accuracies  are  further  decreased  and
increased,  respectively.  In  this  study,  we  investigate  the
case  of M < N,  which  has  never  been  tested  previously.
The  stability  analyses  shown  in Figures  1a and 1c show
that  when ,  the  maximum allowable  CFL numbers

do  not  exceed  0.707  and  0.577  for  the  2D  and  3D  cases,
respectively.  However, Figures  1b and 1d show that  with
M < N for our proposed method, the maximum allowable r
increases  significantly  and  overcomes  the  conventional
stability  limit.  The numerical  examples  in Figure 2 verify
that using the proposed method, 2D and 3D homogeneous
acoustic  wave  propagations  with r =  1.0,  and  0.9  can  be
simulated,  respectively,  whereas most of conventional FD
methods  (Liu  Y,  1998; Lines  et  al.,  1999; Liu  Y and Sen
MK,  2013; Wang  EJ  et  al.,  2016)  fail  for  such  large r
values.

2.4.  Ensuring modeling accuracy based on variable-
length temporal and spatial operators

For  fixed-length  operator  modeling,  stability  is
determined  by  the  maximum  velocity.  The  left  half  of
snapshots  from 2D and  3D two-layer  examples  presented
in Figure  3 show that  our  stability-enhanced method [(M,
N)  = (2,  3)] guaranteed modeling stability.  The maximum
CFL numbers were 1.25 and 1.0 for the 2D and 3D cases,
respectively,  i.e.,  beyond  the  conventional  CFL  stability
limit.  However,  a  severe grid dispersion occurred.  This  is
because  such  uniformed  short  operators  cannot  guarantee
wave  propagation  accuracy  in  low-velocity  zones.  By
increasing the operator length to (M, N) = (8, 6) and (8, 4)
for the upper layers of the 2D and 3D models, respectively,

 

0 2 4 6 8 10 12 14 16
0.25

0.30

0.35

0.40

0.45

0.50

0.55

0.60

3/3 ≈ 0.577
3D case: M > N

C
F

L
n

u
m

b
er

M

N = 1  N = 2

N = 3  N = 4

N = 5  N = 6

N = 7  Reference line

0 1 2 3 4 5 6 7 8

0.6

0.7

0.8

0.9

1.0

1.1

3/3 ≈ 0.577

3D case: M < N

M

N = 2  N = 3

N = 4  N = 5

N = 6  N = 7
Reference line 

C
F

L
 n

u
m

b
er

0 1 2 3 4 5 6 7 8

0.7

0.8

0.9

1.0

1.1

1.2

1.3

 C
F

L
 n

u
m

b
er

M

N = 2  N = 3

N = 4  N = 5

N = 6  N = 7
 Reference line 

2D case: M < N

2/2 ≈ 0.707

0 2 4 6 8 10 12 14 16

(c) (d)

(b)(a)

0.30

0.35

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

2/2 ≈ 0.707
2D case: M > N

M

N = 1  N = 2

N = 3  N = 4

N = 5  N = 6

N = 7   Reference line 

C
F

L
 n

u
m

b
er

 
Figure 1.    Stability curves of 2D (a and b) and 3D (c and d) cases. (a) and (c) show maximum allowable CFL numbers when
M > N. (b) and (d) show maximum allowable CFL numbers when M < N.
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the modeling accuracy improved significantly, as shown in
the right half  of the snapshots in Figure 3.  For a complex
geology  model,  however,  manually  adjustment  (M, N)  is
impractical;  therefore,  we  propose  an  adaptive  VLTSO

strategy  to  guarantee  the  modeling  accuracy  of  the  pro-
posed stability enhancement method.

For  a  specified  time  step  and  grid  spacing,  the  mode-
ling error can be expressed as follows:

εmax(M,N,v, fmax) =max {|ε(M,N,v, f)|} , f ∈ [0, fmax],
(19)

ε(M,N,v, f) = h/vFD−h/v = h(δ−1−1)/v

vFD δ

δ = vFD/v

where  max  is  the  largest  value  of  a  function,  and
 denotes  the

spatial  grid  propagation  time  error  (Liu  Y  and  Sen  MK,
2011).  denotes  the  numerical  velocity,  is  expressed
as ,  and fmax is  the  maximum  modeling
frequency. The expression for the stability factor s (M, N,
v)  is  presented in  Equations  (15)  and (18)  for  the  2D and
3D cases, respectively. We set the local modeling accuracy
and stability constraints to the following:

εmax(M,N,v, fmax) < η, (20)

r < s(M,N,v), (21)

η

εmax s
where  is  the  maximum  allowable  modeling  error.  For
fixed values of v and fmax,  and  are related to only M
and N. Therefore, we aim to identify local M and N values
that  satisfy  the  accuracy  and  stability  constraints  in  both
Equations (20) and (21).

Directly  identifying M and N for  each  velocity  is  a
time-consuming 2D problem. Hence, we converted the 2D
search problem into two one-dimensional problems. It has
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Figure 2.    Snapshots of acoustic modeling beyond conventional CFL stability. v = 1500 m/s and h = 15 m. (a) 2D case with
M = 5, N = 6, = 10 ms, and r = 1.0. (b) 3D case with M = 4, N = 5, = 9 ms, and r = 0.9. Source used was Ricker wavelet
with 10 Hz peak frequency.
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Figure  3.     Fixed  and  variable  (M, N)  modeling  for  two-layer  models.  (a)  Maximum r =  1.25.  (b)  Maximum r =  1.0.
Velocities of upper and lower layers were 2000 and 5000 m/s, respectively; interface at z = 3000 m, and grid spacing was h =
20 m. Left  half  of  2D (a)  and 3D (b) snapshots were simulated with fixed (M, N),  whereas right  half  with variable (M, N).
Source used was Ricker wavelet with 15 Hz peak frequency.
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r >
√

2/2
√

3/3

been  reported  that  when M = N,  spatial  dispersion  is
dominant  (Liu  Y  and  Sen  MK,  2013).  Therefore,  we  can
identify  an M value  that  satisfies  the  spatial  accuracy  by
setting M = N first, followed by fixing the M identified and
then  obtaining  an N value  from  [1, M]  that  satisfies
stability  and  temporal  accuracies.  Exceptions  occur  when

 (2D)  and  (3D),  in  which  case N must  be
increased  slightly  such  that N > M to  ensure  modeling
stability  beyond  the  conventional  limit.  The  detailed
procedures are as follows:

Step 1. For each velocity value, set M = N = Mmax first
and  then  gradually  decrease M to  a  minimum value Mmin
that  satisfies  the  accuracy  constraint  shown  in  Equation
(20).

r <
√

2/2
√

3/3Step 2. If  and  for the 2D and 3D cases,
respectively, then gradually decrease N from N = Mmin to a
minimum  value Nmin that  satisfies  the  accuracy  and
stability  constraints  shown  in  Equations  (20)  and  (21).
Otherwise,  gradually  increase N from N = Mmin to  an
effective  value Nmin that  satisfies  the  stability  condition
shown in Equation (21).

Step  3.  Identify Mmin and Nmin to  perform  wave
extrapolation for the velocity.

η

The  operator  length  variation  shown  in Figure  3 was
determined  using  our  VLTSO  strategy  with  a  small  error
constraint  =  10–5 and fmax =  30  Hz.  We  compare  the
VLTSO  traces  with  the  reference  solution  shown  in
Figure  7a and  discovered  that  the  VLTSO  strategy  can
guarantee the modeling accuracy of the stability-enhanced
method, including in high velocity contrast media.

3.  Numerical examples

In  this  section,  we  verfiy  the  stability  enhanced  and
accuracy preserving properties of our VLTSO FD strategy
using  complex  2D  and  3D  Society  of  Exploration

Geophysicists/European  Association  of  Geoscientists  and
Engineers  (SEG/EAGE)  (Aminzadeh  et  al.,  1996)  salt
models  (Figure  4a).  The  2D  model  is  a  slice  of  the  3D
model at x = 6.76 km.

The  temporal  and  spatial  operator  lengths  of  the  2D
and  3D  models  were  automatically  determined  based  on
the  VLTSO  strategy,  as  shown  in Figure  5.  We  observe
that  the  temporal  operator  was  longer  than  the  spatial
operator in high-velocity zones, thereby ensuring modeling
with  maximum  CFL  numbers  of 0.8966 and 0.67245 for
the  2D  and  3D  cases,  respectively,  which  surpassed  the
conventional  stability  limits. Figure  6 shows  the  seismic
records  of  the  2D  and  3D  modeling  cases.  The  Ricker
source with a 10 Hz peak frequency was located at (x, z) =
(3.38, 0.2) km for the 2D case, and (x, y, z) = (3.38, 3.38,
0.2) km for the 3D case. The receivers were placed evenly
with an interval of 20 m at depth z = 0.2 km. The duration
of  the  seismic  record  was  6.0  s.  The  2D  and  3D  seismic
records  shown  in Figure  6 and  the  3D  snapshot  in
Figure  4b validated  the  stable  modeling.  In  addition,  our
wavefield  snapshot  and  seismic  records  did  not  indicate
clear grid dispersions because the accuracy was guaranteed
by  the  operator  length  variation  with  a  small  error  cons-
traint.  The trace  comparison between the  VLTSO method
and  the  reference  method,  generated  by  a  long  spatial
operator (M = 32) plus the time dispersion removal method
(Koene  et  al.,  2017),  further  demonstrates  the  accuracy
preserving property of our method, as shown in Figure 7b.

4.  Discussion

In  this  section,  we  discuss  the  computational  cost,
memory,  and I/O usage of  our  proposed VLTSO method.
First,  we  compare  the  computational  cost  of  our  VLTSO
FD method with that of a conventional FD method (Liu Y,
1998; Lines  et  al.,  1999)  for  acoustic  wave  modeling.
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Figure 4.    (a) SEG/EAGE 3D model with grid spacing h = 20 m. (b) Wavefield snapshot with r of 0.67245. Source used was
Ricker wavelet, with 10 Hz peak frequency, located at (x, y, z) = (3.38, 3.38, 0.2) km.
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r =
√

2/2 ≈ 0.707

Consider the 2D SEG/EAGE model as an example, where
the  grid  spacing  is  20  m,  and  the  maximum  velocity  is
4483 m/s.  The  conventional  method  cannot  stably  model
the  wave  propagation  beyond ,  which  is

τ = 3equivalent  to  a  time  step  of  ms.  To  adopt  the  time
step,  the  spatial  operator  length M =  1  (second-order
spatial accuracy) can be used. The modeling accuracy may
not  be  ensured  by  such  low-order  FDs,  as  indicated  in
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Figure 5.    2D (a) and 3D (b) operator length variation by VLTSO strategy for stability-enhanced method. Time steps were 4
and 3 ms for 2D and 3D cases, respectively.  = 10–5 and fmax = 30 Hz.
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Figure 6.    2D (a) and 3D (b) seismic records with maximum r values of 0.8966 and 0.67245, respectively.
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Figure 7.    Trace comparison between variable length and reference solution. (a) Traces from 2D (trace 1 at x = 3.0 km, trace
2 at x = 4.0 km, and trace 3 at x = 5.0 km) and 3D (trace 4 at (x, y) = (3.0, 3.0) km, trace 5 at (x, y) = (3.0, 4.0) km, and trace 6
at (x, y) = (3.0, 5.0) km) high velocity contrast modeling shown in Figure 3. (b) Traces from 2D (trace 1 at x = 3.76 km, trace
2 at x = 6.76 km, and trace 3 at x = 9.76 km) and 3D (trace 4 at (x, y) = (6.76, 3.76) km, trace 5 at (x, y) = (6.76, 6.76) km, and
trace 6 at (x, y) = (6.76, 9.76) km) seismic records shown in Figure 6.
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τ =

Figure  8a.  To  reach  a  modeling  accuracy  comparable  to
that  of  the  VLTSO  method, M must  be  increased.
However,  an  increase  in M deteriorates  the  modeling
stability  (Liu  Y,  1998; Lines  et  al.,  1999),  which
necessitates  a  reduction  in  the  time  step.  When  using  the
error  constraints  in  Equation  (20)  (which  are  the  same  as
that  of  the  VLTSO  method), M =  26  and  time  step 
0.7  ms  must  be  adopted  in  the  conventional  FD  method.
The  snapshots  shown  in Figures  8b and 8c demonstrate
that  using  these  parameters,  the  conventional  FD  method
can achieve an accuracy comparable to that of the VLTSO
FD method. Based on a similar accuracy, we compare the
CPU times for the two methods, as shown in Figure 9a; it
was  revealed  that  compared  with  the  conventional  FD
method, our VLTSO FD method significantly reduced the
computational  cost.  Using  the  same approach,  we  present
the  3D  graphic  processing  unit  (GPU)  times  for  the  two
methods in Figure 9b, in which a conclusion similar to that
of  the  2D case  is  obtained.  It  is  noteworthy  that  we  used
the same CPU (Intel Xeon CPU E5-2640) and GPU (Tesla
K40c) devices for timing the conventional and VLTSO FD
methods.  Next,  we  discuss  the  memory  usage  of  the
VLTSO  method.  Compared  with  the  conventional  FD

v ∈ [1500,4483]

method,  the  VLTSO  method  involves  identical  spatial
operators  for  the  FD  coefficients.  Therefore,  the  same
amount  of  memory  is  used  to  store  the  spatial  FD
coefficients in the VLTSO method. The only difference is
the  additional  storage  requirement  for  the  FD coefficients
of the temporal  operator.  The temporal  FD coefficients in
Equations  (4)  and  (5)  are  related  to r or  velocity,  and  we
can  calculate  and  store  the  coefficients  for  representative
velocities  with  a  small  interval,  such  as  1  m/s.  For  the
VLTSO  method,  only  119  and  149  kB  of  memory  are
required  to  store  the  FD  coefficients  for  the  2D  and  3D
cases  when  m/s,  respectively.  The  additi-
onal  memory  cost  is  low and  acceptable.  Finally,  we  dis-
cuss  the  I/O  usage  of  the  VLTSO method.  Similar  to  the
conventional  FD  method,  the  proposed  VLTSO  method
only requires local communication rather than global com-
munication  such  as  the  pseudospectra  method.  Therefore,
our VLTSO method can be accelerated using a GPU device.

5.  Conclusions

In  this  study,  we develope a  VLTSO FD strategy that
can model wave propagation beyond the conventional CFL
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Figure 8.    Snapshots at 1.26 s generated by conventional FD method with M = 1 and time step 3 ms (a); conventional FD
method with M = 26 and time step 0.7 ms (b); new VLTSO method with time step 4 ms, and operator lengths are shown in
Figure 5a (c).
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Figure  9.     Computational  cost  analyses  of  two  FD  methods  using  same  accuracy  constraints.  Recording  time  was  6.0  s.
(a)  CPU time  of  2D salt  model  simulation  for  conventional  FD and  VLTSO FD methods;  (b)  GPU time  of  3D salt  model
simulation for conventional FD and VLTSO FD methods.
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stability  limit  while  preserving  accuracy.  The  controlled
temporal and spatial operator lengths for the high-velocity
area  guaranteed  modeling  stability,  whereas  the  adaptive
operator  length  variations  guaranteed  the  modeling
accuracy  and  efficiency  for  other  areas.  Because  of  the
enhanced stability, our proposed method can adopt a larger
time step than the conventional FD method when using the
same  grid  spacing  and  velocity  model.  For  the  same
accuracy  demand,  our  VLTSO  FD  method  is  more
efficient than the conventional high-order FD method. The
stability analyses, modeling examples, and comparisons of
the  computational  costs  between  our  method  and  the
conventional FD method validated the effectiveness of the
proposed VLTSO FD strategy.
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Appendix: FD coefficients for temporal
operator

In this appendix, we deduce the FD coefficients for the
2D and 3D temporal operators using the TE method.

First,  we provide the derivation of the FD coefficients
for the 2D case and elucidate how these coefficients afford
(2N)th-order temporal accuracy. First, we present the con-
ventional center FD for the temporal derivative, as follows:

∂2 p
∂t2 ≈

1
τ2 (p1

0,0+ p−1
0,0−2p0

0,0). (A1)

Transforming  Equation  (2)  into  the  frequency-
wavenumber domain yields

−ω2 ≈ −2+2cos(ωτ)
τ2 . (A2)

Applying TE to the trigonometric functions yields

−ω2 ≈ 2
∞∑
j=1

(−1) j(ωτ)2 j

(2 j)!τ2 = −ω2+2
∞∑
j=2

(−1) j(ωτ)2 j

(2 j)!τ2 . (A3)

2
∞∑
j=2

(−1) j(ωτ)2 j

(2 j)!τ2

τ

Comparing both sides of Equation (A3), it is observed

that  is  the  error  term.  Because  the

minimum power of  in the error term is two, the accuracy
of  the  conventional  center  FD  is  of  the  second  order.  To
increase  the  temporal  accuracy  to  the  (2N)th-order,  we

2(−1) j(ωτ)2 j

(2 j)!τ2

ω = kv

must  eliminate  the  high-order  terms  (j =2,

3,  …, N)  in  Equation  (A3).  Using  the  dispersion  relation
 and binomial theorem

k2 j = (k2
x + k2

z ) j =

j∑
ε=0

j!
( j−ε)!ε!

k2( j−ε)
x k2ε

z , (A4)

we have

2(−1) j(ωτ)2 j

(2 j)!τ2 =
2(−1) j(kvτ)2 j

(2 j)!τ2 =

2(−1) j(vτ)2 j

(2 j)!τ2

j∑
ε=0

j!
( j−ε)!ε!

k2( j−ε)
x k2ε

z . (A5)

2(−1) j(ωτ)2 j

(2 j)!τ2

2(−1) j(vτ)2 j

(2 j)!τ2
j∑

ε=0

j!
( j−ε)!ε!

k2( j−ε)
x k2ε

z

Therefore,  eliminating  the  term  (j =2,

3,  …, N)  is  equivalent  to  eliminating 

 (j =2, 3, …, N). Next, we prove that

this  can  be  achieved  using  Equation  (2).  By  transforming
Equation  (2)  into  the  frequency-wavenumber  domain,  we
obtain

−ω2 ≈ −2+2cos(ωτ)
τ2 −

v2

h2


4

N−1∑
m=1

N−m∑
n=1

at
m,n cos(mkxh)cos(nkzh)+

at
0,0+2

N∑
m=1

at
m,0 (cos(mkxh)+ cos(mkzh))

 .
(A6)

Applying TE to the trigonometrical functions and using
Equation (A5), we obtain

2
∞∑
j=2

(−1) j(vτ)2 j

(2 j)!τ2

j∑
ε=0

j!
( j−ε)!ε!

k2( j−ε)
x k2ε

z ≈

v2

h2


4

N−1∑
m=1

N−m∑
n=1

at
m,n

∞∑
ε=0

∞∑
ξ=0

(−1)ε+ξm2εn2ξh2(ε+ξ)

(2ε)! (2ξ)!
kx

2εkz
2ξ

+at
0,0+2

N∑
m=1

at
m,0

∞∑
j=0

(−1) jm2 jh2 j

(2 j)!

(
k2 j

x + k2 j
z

)
 .

(A7)
2(−1) j(vτ)2 j

(2 j)!τ2

j∑
ε=0

j!
( j−ε)!ε!

k2( j−ε)
x

k2ε
z

kx
2εkz

2ξ kx
2 j kz

2 j

2(−1) j(vτ)2 j

(2 j)!τ2

j∑
ε=0

j!
( j−ε)!ε!

k2( j−ε)
x k2ε

z

kx
2εkz

2ξ(ε+ ξ =
j, ε , 0, ξ , 0 )

It  is  noteworthy  that 

 can  be  decomposed  into  components  that  include
, , ,  and  zero  wavenumbers.  We  can

eliminate  by  counte-

racting  each  component  with  the  terms  on  the  right  side
of  Equation  (A7).  Comparing  the  terms 

 on both sides of Equation (A7) yields
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4
N−1∑
m=1

N−m∑
n=1

at
m,n

(−1) jm2( j−ε)n2εh2( j−1)

(2( j−ε))! (2ε)!
= 2

(−1) j j!(vτ)2 j−2

(2 j)! ( j−ε)!ε!
.

(A8)

kx
2 j kz

2 jComparing  the  terms  or  on  both  sides  of
Equation (A7) yields

4
N−1∑
m=1

N−m∑
n=1

at
m,nm2+2

M∑
m=1

at
m,0m2 = 0, (A9)

4
N−1∑
m=1

N−m∑
n=1

at
m,n

(−1) jm2 jh2( j−1)

(2 j)!
+2

M∑
m=1

at
m,0

(−1) jm2 jh2( j−1)

(2 j)!
=

2
(−1) j(vτ)2 j−2

(2 j)!
. (A10)

Comparing the zero wavenumber components on both
sides of Equation (A7) yields

4
N−1∑
m=1

N−m∑
n=1

at
m,n+at

0,0+4
M∑

m=1

at
m,0 = 0. (A11)

2(−1) j(ωτ)2 j

(2 j)!τ2 j ≤ N

By  grouping  the  independent  equations  shown  in
Equations  (A8),  (A9),  (A10),  and  (A11)  and  rearranging
them, we arrive at Equation (4), which is the expression of
2D  FD  coefficients  for  the  temporal  operator.  Because

high-order terms ( ) can be counteracted

by Equation (4), the (2N)th-order temporal accuracy can be
obtained.

Next, we provide the derivation of the FD coefficients
for  the  3D  case.  The  idea  and  workflow  are  similar  to
those of the 2D case. By transforming Equation (3) into the
frequency–wavenumber domain, we obtain

−ω2 ≈ 2cos(ωτ)−2
τ2 − v2

h2 ·

8
N−2∑
m=1

N−m−1∑
n=1

N−m−n∑
l=1

at
m,n,l cos(mkxh)cos(nkyh)cos(lkzh)+

4
N−1∑
m=1

N−m∑
n=1

at
m,n,0[cos(mkxh)cos(nkyh)+ cos(mkxh)cos(nkzh)+ cos(mkyh)cos(nkzh)]+

at
0,0,0+2

N∑
m=1

at
m,0,0[cos(mkxh)+ cos(mkyh)+ cos(mkzh)]


.

(A12)

Applying  TE  for  the  trigonometric  functions  and ω = kv, we obtain

2
∞∑
j=2

(−1) j(kvτ)2 j

(2 j)!τ2 ≈ v2

h2×

8
N−2∑
m=1

N−m−1∑
n=1

N−m−n∑
l=1

at
m,n,l

∞∑
ε=0

∞∑
ξ=0

∞∑
ψ=0

(−1)ε+ξ+ψm2εn2ξl2ψh2(ε+ξ+ψ)

(2ε)! (2ξ)! (2ψ)!
kx

2εky
2ξkz

2ψ+

4
N−1∑
m=1

N−m∑
n=1

at
m,n,0

∞∑
ε=0

∞∑
ξ=0

(−1)ε+ξm2εn2ξh2(ε+ξ)

(2ε)! (2ξ)!

(
kx

2εky
2ξ + kx

2εkz
2ξ + ky

2εkz
2ξ

)
+

at
0,0,0+2

N∑
m=1

at
m,0,0

∞∑
j=0

(−1) jm2 jh2 j

(2 j)!

(
k2 j

x + k2 j
y + k2 j

z

)


.

(A13)

Using the trinomial theorem, we obtain

k2 j=(k2
x + k2

y + k2
z ) j=

j∑
ε=0

ε∑
ξ=0

j!
( j−ε)! (ε−ξ)!ξ!k2( j−ε)

x k2(ε−ξ)
y k2ξ

z .

(A14)

kx
2εky

2ξkz
2ψ (ε+ ξ+ψ = j, ε , 0,

ξ , 0 and ψ , 0 )

Substituting  Equation  (A14)  into  Equation  (A13)  and
comparing  the  terms 

 on both sides of Equation (A13) yields

8
N−2∑
m=1

N−m−1∑
n=1

N−m−n∑
l=1

at
m,n,l

(−1) jm2( j−ε)n2(ε−ξ)l2ξh2( j−1)

(2( j−ε))! (2(ε− ξ))! (2ξ)!
=

2
(−1) j j!(vτ)2 j−2

(2 j)! ( j−ε)! (ε− ξ)!ξ! .
(A15)

kx
2εky

2ξ kx
2εkz

2ξ ky
2εkz

2ξ(ε+
ξ = j, ε , 0, ξ , 0)

Comparing  terms , ,  or 
 on both sides of Equation (A13) yields

8
N−2∑
m=1

N−m−1∑
n=1

N−m−n∑
l=1

at
m,n,l

(−1) jm2( j−ε)n2εh2( j−1)

(2( j−ε))! (2ε)!
+

4
N−1∑
m=1

N−m∑
n=1

at
m,n,0

(−1) jm2( j−ε)n2εh2( j−1)

(2( j−ε))! (2ε)!
= 2

(−1) j j!(vτ)2 j−2

(2 j)! ( j−ε)!ε!
.

(A16)

kx
2 j ky

2 j kz
2 jComparing  terms , ,  or  on  both  sides  of Equation (A13) yields
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8
N−2∑
m=1

N−m−1∑
n=1

N−m−n∑
l=1

at
m,n,lm

2+8
N−1∑
m=1

N−m∑
n=1

at
m,n,0m2+2

M∑
m=1

at
m,0,0m2 = 0, (A17)

8
N−2∑
m=1

N−m−1∑
n=1

N−m−n∑
l=1

at
m,n,l

(−1) jm2 jh2( j−1)

(2 j)!
+8

N−1∑
m=1

N−m∑
n=1

at
m,n,0

(−1) jm2 jh2( j−1)

(2 j)!
+

2
M∑

m=1
at

m,0,0
(−1) jm2 jh2( j−1)

(2 j)!
= 2

(−1) j(vτ)2 j−2

(2 j)!
.

(A18)

Comparing the zero wavenumber components on both
sides of Equation (A13) yields

8
N−2∑
m=1

N−m−1∑
n=1

N−m−n∑
l=1

at
m,n,l+12

N−1∑
m=1

N−m∑
n=1

at
m,n,0+

at
0,0,0+6

M∑
m=1

at
m,0,0 = 0.

(A19)

By  grouping  the  independent  equations  shown  in
Equations  (A15),  (A16),  (A17),  (A18),  and  (A19)  and
rearranging them, we obtain Equation (5), which yields the
3D FD coefficients for the temporal operator.
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